Electronic Journal of Graph Theory and Applications 11 (1) (2023), 65-79

, Electronic Journal of
Graph Theory and Applications

~v-Paired dominating graphs of lollipop, umbrella
and coconut graphs

Pannawat Eakawinrujee, Nantapath Trakultraipruk*

Department of Mathematics and Statistics, Faculty of Science and Technology,
Thammasat University, Pathum Thani 12120, Thailand

p-eakawinrujee @ gmail.com, n.trakultraipruk @yahoo.com

*corresponding author

Abstract

A paired dominating set of a graph G is a dominating set whose induced subgraph has a perfect
matching. The paired domination number ,, (G) of G is the minimum cardinality of a paired dom-
inating set. A paired dominating set D is a ,,(G)-set if | D| = ~,,.(G). The y-paired dominating
graph PD. (G) of G is the graph whose vertex set is the set of all ,,.(G)-sets, and two 7, (G)-sets
D, and D, are adjacent in PD.(G) if Dy = (D; \ {u}) U {v} for some v € Dy and v ¢ D;. This
paper determines the paired domination numbers of lollipop graphs, umbrella graphs, and coconut
graphs. We also consider the y-paired dominating graphs of those three graphs.
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1. Introduction

We in general follow the graph theory notation and terminology from [22]. Let GG be a graph
with vertex set V' (G) and edge set E/(G). The open and closed neighborhoods of a vertex v € V(G)
are N(v) = {u € V(G) : uwv € E(G)} and N[v] = N(v)U{v}, respectively. The open and closed
neighborhoods of aset D C V(G) are N(D) = |J,.p N(v) and N[D] = N(D)U D, respectively.
We use P, and C}, to denote a path and a cycle, respectively, with k vertices.
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Aset D C V(G) is a dominating set of G if every vertex v € V (G) which does not belong to D
has a neighbor in D. The domination number ~(G) of G is the minimum cardinality among all
dominating sets. A dominating set D is a y(G)-set if | D| = v(G). For more details on domination
and its variants in graphs, see [2, 5, 11, 12, 14].

Subramanian and Sridharan [21] defined the gamma graph of G, denoted by ~.G, to be the
graph whose vertex set is the set of all v(G)-sets, and two (G)-sets D; and D are adjacent in
~.G if they satisfy the following condition: for some u € Dy and v ¢ D;,

Dy = (Di\{u}) U{v}, (D

or |Dy\ Dy| =1 =|Dy\ Ds]. Fricke et al. [9] defined the v-graph G(~) of GG, which is the graph
with V(G(v)) = V(7.G), and two (G)-sets Dy and D are adjacent in G() if they satisfy the
condition (1) and uwv € E(G). Observe that G(7) is a spanning subgraph of +.G. For additional
results on gamma graphs or y-graphs, see [3, 4, 15, 16, 17].

The k-dominating graph Dy (G) of G, studied by Haas and Seyffarth [10], is the graph whose
vertex set is the set of all dominating sets of GG having cardinality at most &, and two vertices
of Dy(G) are adjacent if they differ by either adding or deleting a single vertex. The authors
determined conditions for Dy (G) to be connected. For additional results on k-dominating graph,
see [18], and for other variations of the k-dominating graph, see [1, 8].

Wongsriya and Trakultraipruk [23] defined the v-fotal dominating graph T D.(G) of G to be
the graph whose vertex set is the set of all v;(G)-sets (minimum total dominating sets). Two 7;(G)-
sets D and D are adjacent in 7'D.,(G) if they satisfy the condition (1). They studied 7'D.,(FP)
and T'D,(Cy). The vy-independent dominating graph [19] and the y-induced-paired dominating
graph [20] are defined similarly.

A set D C V(G) is a paired dominating set of G if it is a dominating set and the subgraph
of G induced by D contains a perfect matching. The paired domination number ~,,(G) of G is the
minimum cardinality among all paired dominating sets. A paired dominating set D is a 7, (G)-set
if | D| = 7,.(G). Let D be a paired dominating set of G with a perfect matching //. We say that a
vertex v € D dominates a vertex u if they are adjacent in G. If an edge uv € M, then we call the
set {u, v} a pair. The concept of paired domination was introduced by Haynes and Slater [13].

In [6], we defined the y-paired dominating graph PD.(G) of G to be the graph whose ver-
tices are 7,,(G)-sets, and two 7,,.(G)-sets Dy and D, are adjacent in PD. (G) if they satisfy the
condition (1). We studied PD.(F) in [6] and PD.(C}) in [7]. This paper determines the paired
domination numbers of lollipop graphs, umbrella graphs, and coconut graphs. We also determine
the ~y-paired dominating graphs of those graphs.

2. Preliminary Results

In this section, we recall some definitions, notations, and results used in the proofs of our main
results.

A support vertex is a vertex adjacent to a vertex of degree one. Haynes and Slater [13] provided
a couple of useful lemmas.

Lemma 2.1 ([13]). If v is a support vertex of a graph G, then v is in every paired dominating set
of G.
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Lemma 2.2 ([13]). Let k > 2 be an integer. Then ,,(Py,) = 2[%].

The Cartesian product of graphs G and H, denoted by GOH, is the graph with vertex set
V(G) x V(H) where vertices (u,v;) and (ug, vo) are adjacent if and only if either u; = uy and
vive € E(H), or vy = vy and uqus € E(G).

Let P, : ujusus - - -u, and P, : v1vv5 - - - v, be the paths, where p and ¢ are positive integers.
Fricke et al. [9] defined a stepgrid SG, , to be the subgraph of P,[0F, induced by {(u,,v,) : 1 <
r<pl<y<gqgz—y <1} Wecall the vertex (uy,v,) in the stepgrid as the vertex at the
position (x,y). The stepgrids SG2 5 and SG4 3 are shown in Figure 1.

(u1,v1)  (u1,v2) (u1,v1) (u1,v2) (u1,v3)

(u2,v1) (ugfv2) | (u2,v3)

(u2,v1) (u2,v2)
(usl v2) (us,vs)

(u4,v3)

[ ]
Figure 1: The stepgrids SG2 2 (left) and SG4 3 (right)

Let P, : ujugug - - -up, Py 1 010903+ - - vy, and P : wiwows - - - w, be the paths, where p, g,
and r are positive integers. In [6], we defined a stepgrid SG), ,, be the graph with vertex set

V(SGpyr) = {(ug,vy,w,) e V(P,OPOP):1<2<p1<y<gqgl<z<r,
r—y<0,z—z<ly—z2>0}

and edge set
E(SG,q,) = E(P,OP,OPF,) U {(ty, Vg, Wg) (Ups1, Vpp1, W) 1 1 <2 <p—1}.

The vertex (u,, vy, w,) is called the vertex at the position (x,y, z) in SG, 4. The stepgrid SG4 43
is shown in Figure 2, where we write (z, y, z) for (u,, vy, w,).

Eakawinrujee and Trakultraipruk [6] determined the «y-paired dominating graphs of paths and
their properties. At this point, we denote P : v1vov3 - - - vy to be the path with £ vertices.

Lemma 2.3 ([6]). Let k > 0 be an integer. Then there is exactly one 7y, (Pyy3)-set containing the
pair {vsg 12, Va3 } and this set has degree one in PD.,( Py 3).

Lemma 2.4 ([6]). Let k > 1 be an integer. All 7y, (Pyx12)-sets containing the pair {vVay+1, Vag+2}
form a path with k+1 vertices in PD.,(Py,2), where one endpoint contains the pair {vsy,_2, Vaj—1}
and the others contain the pair {vy_3, Vg2 }.

Lemma 2.5 ([6]). Let k > 1 be an integer. Then all 7y, ( Pyx11)-sets containing the pair {vaj, Vaj41}
form a stepgrid SGyi1, in PD.(Pyyy1) (see Figure 3), where Dy, Doy, ..., Dy contain the
pair {Vag—3,V45—2}, Dii1x contains the pair {vy—o,v4p—1}, and the others contain the pair
{vak—a,va—3}. Moreover, Dy, D1, Dy, have degree three, Dy, D3y, ..., Dy have degree
four, and Dy 1 i, has degree two in PD.(Pyj11).
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(1.3.3)
(14.3)

(1,2,2) (1,3,2)
(1,1,1) (1.2,1) : ' ; (1.42)
& ‘ (2,3.3)
Vlasn iglagy - (243)
(222} s
\ """"" I < (242
N 0, 32)
‘ o |- (3.4.3)
(2.2,1) 23.0) ; (2,4_-_1_).--' e

(3.3.2) (3,4.2)
(4,4,3)

Figure 2: The stepgrid SG4 4 3

D11 o—o- D1,
D2 1] 6—@----- DQ,kz
[ S— ' ' Ds
Dy i,

® Diy1k

Figure 3: The stepgrid SGj1 x in PD~(Pagi1)

Theorem 2.1 ([6]). Let k > 1 be an integer. Then PD.(Py;) =

A (
Theorem 2.2 ([6]). Let k > 0 be an integer. Then PD.(Py43) = Py o.
Theorem 2.3 ([6]). Let k > 0 be an integer. Then PD.(Py2) = SGri1 gt
Theorem 2.4 ([6]). Let k > 1 be an integer. Then PD.(Py,1) = SGri1 1,5

From the proof of Theorem 2.2, we get the following result.

Corollary 2.1. Let k > 1 be an integer and PD~(Py,—1) = Pyi1 = DDy - - Dyyq, where D,
is a Ypr(Pak—1)-set for all v € {1,2,.... k + 1}. If Dy contains the pair {vs_2, Va—1}, then
D, = S, U {vgp_3,var—2}, where S, is a Yy (Pyx—s)-set for all x € {1,2,...,k} and especially
Sy contains the pair {vag_g, Vak—_5}, and Dy = S U {vgp_2, Vap_1}-

The following corollary can be obtained from the proofs of Lemma 2.5 and Theorem 2.4.

Corollary 2.2. Let k > 1 be an integer and D, ,, , the 7, (Py1)-set at the position (z,y, z) in
PD.(Pit1) = SGryrpsrp forall z,y € {1,2,... k+ 1}, 2z € {1,2,... )k} withe —y <
0,z —z2<1,y—2z>0. Ifeitherx = 1 ory =k + 1, then D, , contains the pair {v;, Vsj41}-
Moreover, if Dy j11 . contains the pair {vay, Va1 }, then
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(1) D:v,k-l—l,z = (D:v,k,z \ {U4k—1}) U {U4k+l} fOl" all T,z € {1727 R k}, and Dk—l—l,k-l—l,k =
(Dioye \ {vak—3}) U {vag1}

(2) Dyptie = Dy U {vap—3, Vap—2, Vag, Vat1}, where Dy is a ~yp, (Pyp—5)-set for all x € {1,2,
..., k}, Dy, contains the pair {vix—¢, Vag—s5}, and Dy i1 ji1,0 = DiU{0ap—2, Vag—1, Vak, Vaks1 }

(3) Dy g1, contains the pairs {vsg—4, Vak—3}, {Vak, Vag11} for all z < k.

Let G; and G2 be complete graphs with p vertices, where V(G;) = {uy,us,...,u,} and
V(G3) = {v1,v2,...,v,}. We define A, to be the graph with vertex set V(A4,) = {(us,v,) €
V(G10G,) 1 1 <z <y <p}andedgeset E(A,) = E(G10G2) U {(ug, vy)(uy+1,v,) 1 1 <z <
y < z < p}. We illustrate the graph A3 as shown in Figure 4.

{wl,wg} (U17v2)
{w1, w2} {w1, wa} (u1,01) (u1,v3)
{'LUQ,'LU4} ('u,g,”U;g)
{w2, ws} (u2,v2)
{ws,wq} (u3,vs)

Figure 4: The graphs PD.,(K,) (left) and A3 (right)

Theorem 2.5. Let k > 2 be an integer. Then PD. (K}) = Ay_1.

Proof. Let V(K}) = {wy,ws, ..., ws}. Note that v, (Kj) = 2, s0 V(PD,(K})) = {{wm,w,} :
1<m<n<k} Let V(Ap_1) = {(ug,vy) : 1 <z <y < k—1}. Define f : V(PD,(K})) —
V(Ag-1) by f({wm,wn}) = (Um, vn—1). Clearly, f is bijection, and preserve edges and non-edges.
The theorem follows. O

3. Paired Domination Numbers of Lollipop Graphs, Umbrella Graphs, and Coconut Graphs

In this section, we give the definitions of a lollipop graph, a umbrella graph, and a coconut
graph. We then determine the paired domination numbers of those graphs.

A lollipop graph L, , is obtained by appending an endpoint of a path P, to a vertex of a
complete graph K,. For convenence, we label the vertices of the path as vy, vs,...,v, and the
vertices of the complete graph as u;, us, ..., u,, where v, is adjacent to u;. For example, the
lollipop graph L7 ¢ is shown in Figure 5.

A umbrella graph U, , is obtained by joining an endpoint of a path P, to the central vertex of a
fan graph F, = K, V P,_;. A coconut graph C, , is obtained by joining an endpoint of a path P,
to the support vertex of a star graph S, = K, ,_;. We label the vertices of U, , and C}, ; as shown
in Figures 6 and 7, respectively.

Let p be a positive integer. If ¢ = 1, then L,, = U,, = Cpy = Pyi1, 30 Ypr(Lypy) =
Vor (Upq) = Ypr(Cpq) = 2[E12] by Lemma 2.2. If ¢ > 2, then we get the following theorem.

69



~-Paired dominating graphs | P. Eakawinrujee and N. Trakultraipruk

U2 Uus

Figure 5: The lollipop graph L7 ¢

Figure 6: The umbrella graph U, ,

Figure 7: The coconut graph C), ,

Theorem 3.1. Let p > 1 and q > 2 be integers. Then o (Ly.q) = Ypr(Upg) = Ypr (Cpg) = 2[ 2227,

Proof. If g = 2ithen L, is a path with p + 2 vertices. By Lemma 2.2, we get ,,(L,2) = 2[22].
Let ¢ > 3 and P, be the graph obtained from L, , by deleting the vertices us, u4, . . ., uq. Clearly,
P,, is a path with p 4 2 vertices, and 7, (P,, )A: 2[E£2]. Let D be a 7,,(Ly,q)-set. To prove
Yor(Lpq) > 2[EX2], we show that |[D| > v,,(P,,). If uy € D, then D contains either the pair
{v,, u1} or, without loss of generality, {u;, us}. In both cases, D is a paired dominating set of P,,,

~

s0 |D| > v,,(P,,). Thus, we assume that u; ¢ D. Since D is a 7,,(L,,)-set, D must contain
exactly two vertices from {ug,us,...,u,}. Without loss of generality, we may assume that D
contains the pair {us, us}. Hence, D' = (D \ {us}) U {uy} is a paired dominating set of P,,, so
|D| = |D'| > Vpr(ﬁ@)- Now, we get Y, (L,q) > 2[2£2]. Note that U, , and C,, , are spanning
subgraphs of L, 4, 80 Ypr (Up.qg) = Vpr(Lpg) and ¥, (Cpg) > Ypr(Lp.g)-
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Next, we show the upper bounds of 7, (Ly ), Ypr (Upq). and 7, (Cp ). If p = 1,2 (mod 4),
let D = {v;,vi41 : ¢ = 2 (mod 4),i < p — 3} U{v,, u1}; otherwise, let D = {v;, v, : i =
2 (mod 4),i < p —5} U{vp_2,vp_1,vp,u1}. Then D is a paired dominating set of L, , with
cardinality 2[2227, s0 ,.(Ly,4) < 2[2£2]. Since D is also a paired dominating set of U, , and
Cpas Yor(Up,g) < 2[1%21 and 7, (Cpq) < 2[}%21- [

4. ~-Paired Dominating Graphs of Lollipop Graphs

In this section, we determine the ~y-paired dominating graph of a lollipop graph L, ,. If ¢ = 1,
then we get the y-paired dominating graph of L, , = P, from Theorems 2.1 - 2.4. For ¢ > 2, we
consider the value of p into four cases and then we obtain the following results.

Theorem 4.1. Let k > 0 and q > 2 be integers. Then PD. (Lyj2,) = P.

Proof. By Theorem 3.1, we have 7, (Lix+2,) = 2k + 2. It is easy to check that there is exactly
one Yy, (Lygt2,4)-set, which is D = {vgii0,v4i43 : 0 <@ < k — 1} U {vgp12, u1 }, so the theorem
holds. -

Lemma 4.1. Let k > 0 and q > 2 be integers. Then each 7, (Laj+1 4)-set contains the vertex u;.
Moreover, if a p,(Lyg11,4)-set contains the pair {uy, u;} for some i, then this set does not contain
Vak+1-

Proof. If ¢ = 2, then u; is a support vertex of Lyj1,4, so this lemma holds by Lemma 2.1. Let
q > 3 and suppose on the contrary that there is a 7, (Lx+1,4)-set D such that u; ¢ D. Then D
must contain exactly two vertices from {us, us, ..., u,}. Since | D| = 2k + 2, the other 2k vertices
of D must dominate all vertices in Py 1. This contradicts the fact that 2% vertices can dominate at
most 4% vertices in Py 1.

Next, we suppose that there is a 7, (Lax+1,4)-set D containing the pairs {vay, vart1}, {ur, wi}
for some i. Then vy,_1 ¢ D. Recall that | D| = 2k + 2, so the other 2k — 2 vertices must dominate
all vertices in Py _», which is impossible. ]

Theorem 4.2. Let k > 0 and q > 2 be integers. Then PD.(Laj+1,4) = Ly 4

Proof. By Lemma 4.1, each 7, (Lyk11,,)-set must contain either the pair {vy1,u1} or {ug, u;}
where ¢ # 1. We first find all v, (Lsx41,4)-sets containing the pair {v441, u1 }. Note that these sets
do not contain us, us, . .., u,. Let P be the subgraph of Ly, induced by {vy,va, ..., Vgpi1, us}.
Clearly, P is a path with 4k + 2 vertices. Then 7, (Lak+1,4) = 2k + 2 = 7,,.(P), and every
Yor (Lak+1,4)-set containing the pair {vay1, u1 } 18 a v, (P)-set containing the pair {vy441, 41 } and
vice versa. By Lemma 2.4, we get that all 7, (L4j+1,4)-sets containing the pair {vx11,u; } form
apath D1Ds -+ Dyyq in PD(Laj41,,) Where, without loss of generality, Dy, contains the pair
{v4g—2, vag_1} and the others contain the pair {vy_3, Vap_2}.

We next find all 7, (Lart1,4)-sets containing the pair {u;,w;} where i € {2,3,...,q}. By
Lemma 4.1, these sets do not contain v,+. Then such a 7, (Lx11,4)-set is a union of a v, (Pyy)-
set and {uy,u;}. Theorem 2.1 shows that, for each i, there is only one 7, (L1 4)-set containing
the pair {uy,u;}. Foreachi € {2,3,...,¢}, let

Diyi = (Diyr \ {vars1}) U{wi}
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Thus, for each ¢, Dy, is the only 7, (Lk11,4)-set containing the pair {uy,w;}. It is clear that
Djy1, Dy, . .., Dyyy are pairwise adjacent. We can check that, for all z € {1,2,...,k} and
i€{2,3,...,q}, (Dy \ {var+1}) U {w;} is not a dominating set, and thus D, is not adjacent to all
Dyya, Diys, . . ., Ditq. Therefore, all 7, (Lag+1,4)-sets form a lollipop graph Ly ,. O

Let p and ¢ be positive integers. We define A, , to be the graph with V' (4, ,) = V(SG,,) and
E(A,,) = E(SGpq) U{(ug,vy)(ug,vy) :p—1<y <y —1<q—1}. We also define B, , to
be the graph with

V(Bp,q> = V(Ap,q> U {<uxvvy) p+1<ax<y<q}
and

E(B,,) = E(Ay,)U {(uﬂcvvy)(umavy/) pFl<z<g—-laoz<y<y < qy U
{(umUy)(ux’)Uy) p+l<y<gp<La<a < y} U
{(ug, vy) (Uyy1,v.) :p <2 <y <z<q)

Figure 8 shows the graphs As 4 and A, ¢ and Figure 9 shows the graphs Bs 4 and B, ¢, where we
use (z,y) instead of (u,,v,). Note thatif p > ¢, then A, , = B, , = SG, ,.

(1,1) [(1,2) |(1,3) [(1,4) (1,1) [(1,2) |(1,3) [(1,4) |(1,5) | (1,6)
(2,1) [(2,2) 1(2,3) [(2,4) (2,1) [(2,2) |(2,3) [(2,4) |(2,5) | (2,6)
(3,2) (3,3) (3,4 (3,2) [(3,3) |(3,4) [(3,5) | (3,6)

(4,3) (4,4) (4,5) (4,6)
Figure 8: The graphs A3 4 (left) and A4 ¢ (right)

Theorem 4.3. Let k > 1 and q > 2 be integers. Then PD.(Laj 4) = Bii1 jtq—1-

Proof. Note that Ly, 5 = Pjyj1o. By Theorem 2.3, we get PD.(Lyy2) = SGri1 k41 = Bt kt1-
Let ¢ > 3. If a ,,(Lyx,)-set contains the vertex u;, then it contains either the pair {vgp, u1}
or {uy,u;} where i # 1. We first find all 7, (L4 ,)-sets containing the pair {vs;,u;}. Let P
be the subgraph of Ly, induced by {vy, v, ..., v, u1}. Then each 7,,.(Lay,)-set containing
the pair {vay, u1} is a 7, (P)-set containing the pair {vy, u;} and vice versa. By Lemma 2.5,
all v, (Lag,q)-sets containing the pair {vyx, uq} form a stepgrid SGyq, in PD.(Lyy,). For all
re{l,2,....,k+1}andy € {1,2,...,k} withz—y < 1,let D, , be the 7,, (L4 4)-set containing
the pair {vy;, w1} at the position (z,y) in SGji1x. Then Dy, Doy, ..., Dy contain the pair
{vak—3,Vag—2}, Dit1, contains the pair {vag_2,v4x—1}, and D, , contains the pair {vsg_4, Va—3}
for all y # k.
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11 |2 [(1,3) |@a,4) 1,1 1,2 [@,3) 1,49 |15 [a,e
2,1 [(22) |(23) |(2,9) 2,1 [(22) |(23) ;;(275) (2,6)
(3,2) (3 |(3,9) (3,2) [(3,3) 5(375) (3,6)
'(4,4) (4,3) ~ 4,5) \(4,6)

5,6)

(6,6)

Figure 9: The graphs B3 4 (left) and By ¢ (right)

We next find all ,, (L4 ,)-sets containing the pair {u;, u;} where i € {2,3,...,¢q}. Similar to
Lemma 4.1, these sets do not contain vy,. Then such a 7, (L ,)-set is a union of a v, (Py_1)-
set and {uy,w;}. By Theorem 2.2, for each 4, there are k + 1 ,,(Lay,)-sets containing the pair
{u1,u;} and they form a path in PD. (Ly,). Recall that Dy, Doy, ..., Dy contain the pairs
{vak—3, Vag—2}, {var, w1}, and Dyq y contains the pairs {vg,_o, Vag—1}, {vax, w1 }. For each x €
{1,2,...,k+1}andi € {2,3,...,q}, let

Dyjric1 = (Dage \ {var}) U{us}

Hence, for each i, the sets D1 jyi—1, D2 g+i—1, - - -, D1 5+i—1 are the only 7, (Lay 4)-sets contain-
ing the pair {uy, u;} and they form a path. We also get that, for each , D, ., Dy j41, - - - s Do grg—1
are pairwise adjacent. Note that D, , with y < k contains the pairs {vss_4, Vax—3}, {vak, u1}, SO
(Dyy \ {var}) U {w;} is not a dominating set for all <. This means that D, , with y < k is not
adjacent to every 7, (L ,)-set containing the pair {u;, u; }. Now, all 7, (L 4)-sets containing u,
form a graph Ay j4q—1 in PD.(Ly ) (see Figure 10).

We finally find all v, (L4 4)-sets that do not contain u;. Then these sets contain exactly two
vertices from {us, us, ..., u,}. Note that such a 7,,.(Lax,)-set is a union of a 7, (Py)-set and
{u;,u;} for some distinct ¢, j € {2,3,...,q}. Clearly, D = {vgi42,04i43: 0 <i < k—1}isa
unique 7, (Py)-set. Thus, D U {u;,u;} is the only 7, (L4 4)-set containing the pair {u;, u;}.
Recall that, for each i € {2,3,...,q}, Dit1x4+i—1 contains the pairs {vag_2, Vap—1}, {ur, u;}.
Then Dy 41 j+i—1 is @ union of a v, (Py,—_4)-set and {var_o, Vag—1, w1, w; }, and thus Dyq jyiq =
{’U47;+2, Vgi43 - 0<i<k-— 2} U {U4k,2, Vgk—1, U1, uz} =DU {Ul, U,Z} Foralll << ] <gq, let

Di’j =DU {Ui, Uj}.

Theorem 2.5 implies that all D%’s form a graph A, ; in PD.(Ly,) (see Figure 10). Note
that D, , with y < k does not contain us, us, ..., uq, SO it is not adjacent to D% for all 2 <
i < j < g. Recall that, for each i € {2,3,...,q}, Dyxri—1 With < k contains the pairs
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Dix (D12 D1k [D1k+1|P1k+2|D1k+3] D1k+q—1
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Ak41,k+q—1 D21 (D22 D2 [D2r+1|D2k+2|D2,k+3| D2,k+q—1
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D3> :D3r D3 ri1:D3k42:D3 k430 D3 kiq—1

T
s
|
Dyy1,1 Dpg1kq-1 ¢
.................................. 1o AN AN | Vot S St
| |
T W= i § I W |
: D23 4 D2q |
|
| |
| |
Ao1 0 N
R D34 1| p3a !
| . |
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Figure 10: The graph By 1 p4q¢—1
{var—3, vak—2}, {wr, Wi}, s0 (Dypri—1 \ {u1}) U {u;} is not a dominating set for j # 1, and thus
D, x1i—1 is not adjacent to D" for all 2 < i < j < q. This completes the proof. O

Let p, ¢ and r be positive integers. Let A, , . be the graph with V(A4 ,,) = V(SG,,,) and

E(AP#],T) = E(SG;D,QJ“) U {<ux7vy>wz)(uxavylawz) T + 2 S y + 2 S y/ § q} U
{<u7’7vrva)(ur+l7vy’7wr) r+2< y/ < Q}-

Let B, , - be the graph with
V(Bpgr) =V(Apgr) U{(ug,vy,w,): 1<z <pr+1<z<y<g}
and
E(Bpgr) = E(Apgr) U{(te, vy, w:) (g, v, 02) 7 +2<y < qr<z<2 <y—1}U

{(ug, vy, w,) (ug, vy, wy) ir+1<2<qg—=2,2+1<y<y <q}U
{(Ux,vy,wz)(ux,vy/,wy) rlz<y< y’ < q} U
{(

Uz, Uy, Wy ) (U1, Uy, w,) 17 < 2 < g}

The graphs A, 5 3 and Ag 5 o are shown in Figure 11, while the graphs B, 5 3 and B 5 » are shown in
Figure 12, where we write (z,y, z) instead of (u,, vy, w,). We observe thatif ¢ = r or ¢ =r + 1,
then A, ,, = B, = SG, g
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(1,3,3)  (1,4,3)

(1,2,2) (1,3,2 (1,4,2) (1,5,2)

(1,2,2) (1,5,3)
(1,1,1) r 1 (1,)5,2) (1,1,1)
& T ¥—T—9%0/51 & r—
)2, 1 13,1 2,1 afs 1 14,1 15,1
A L] @ e e S
2) T [ i 2 25, 2)
1 —T1T— (2)5,1
(2,2,1) (2,2,1) (2,5,1
) F——"1 (37573)
(3,)5,2)
(3,3,2) (3,3,2) (3,4,2) (3,5,2)
(4,4,3) (4,5,3)
Figure 11: The graphs A4 5 3 (left) and A3 5 o (right)
@33 @43 (1,5,4) (1,4,3) (1,5,4)
(1,2,2) (15,3 1,2,2)  (1,3,2) (1)5,3)
(1,1,1) F— (1,1,1) (1)5,2
ald ol T T | L4 (2,5,4) ale1 ——— = (2,5,4)
T (2)5,3) = 2|5, 3)
S d——— —— 25,2
(2,2,1) N e A |_— (3,5,4) (2,2,1) | 7 (3,5,4)
F— (3,5, 3) (3,5,3)
(3,3,2) (3,3,2) (3,4,2) (3,5,2)
(4,5,4)

(4,4,3) (4,5,3)
Figure 12: The graphs By 5 3 (left) and Bs 5 o (right)

Theorem 4.4. Let k > 1 and q > 2 be integers. Then PD.(Lyj,_1,4) = Biit1ktq—1,k

Proof. If ¢ = 2, then Lyy_14 = Pypi1, 50 PDy(Lyp—12) = SGri1p+1,k = Birge+1,6 by The-
orem 2.4. Let ¢ > 3. We first find all v,,(L4_1,4)-sets containing the vertex u;. For each
i € {2,3,...,¢}, let P" be the subgraph of Ly_1, induced by {vy,va, ..., vg_1,u1,u;}, and
then PD.(P") = SGji1 k41 by Theorem 2.4. Forall x,y € {1,2,...,k+1},z € {1,2,...,k}
withz —y < 0,2 —2 <1,y—2z>0andforeachi € {2,3,...,¢},let D, , be the »,,(P*)-set at

the position (x,y, 2) in SGi11 k414 By Corollary 2.2, without loss of generality, we may assume
that Di,k+17z contains the pair {u1,u;} and D¢ _ contains the pair {vy,_1,u1} forall y # k + 1.

) T,Y,%
Note that, for y # k + 1, we have D}, . = Dj _foralli,j € {2,3,...,q}, and then we let
Dqy. = D, .. Note that v, (P’) = 2k + 2 = 7,(Lar-1,4). Hence, each v,,.(P*)-set is a

Ypor(Lag—1,4)-set for all i € {2,3,...,¢q}. Therefore, D, , with y # k + 1 is a ,,(Lyx_1,4)-set
containing the pair {vy,_1,u; }, and D;’HM is @ Y- (Lak—1,4)-set containing the pair {u,w;} for
eachi € {2,3,...,q}. We claim that D}, , is adjacent to Di,kﬂ,z for all 7 # j. By Corol-
lary 2.2(1), for z, z € {1,2, ..., k}, D iire = Doz \ {var—1}) U{ui} = [(Dapz \ {vap—1}) U
{w I\ {w} U{w} = (D] \{w}) U{w}, and Dy gy = (Dierer \ {van—s}) U {u} =
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[(Drppe \ {vap—s}) U {u; N\ {u;} U {w;} = <Di+1,kz+1,k \ {u;}) U {w;}. The claim holds. For
eachi € {2,3,...,q},let Dypyi1. = D2, .. Note that every 7y, (Lag—1,4)-set containing u is
a7y (P)-set for some i € {2,3,...,q},soall D, .’s are the only 7, (Lak—1,,)-sets containing u,
and they form a graph Ay 1 x1q—1% in PD,(Ly;_1,) (see Figure 11 (left) for k = 3 and ¢ = 2).

We next find all 7, (L4j_1,4)-sets that do not contain the vertex u;. Then such a 7, (Lak—1,4)-
set is a union of a v, (Py;_1)-set and {u;,u;} for some distinct 7,5 € {2,3,...,¢}. By The-
orem 2.2, PD(Pyy—1) = Pip1 = D1Dy--- Dyyq, where D, is a 7, (Py,_1)-set for all z €
{1,2,...,k + 1}. By Lemma 2.3, without loss of generality, we may assume that Dy, contains
the pair {vgg—2,vap—1}. Forallz € {1,2,... . k+1}and 2 <i < j < g, let DY = D, U {u;, u;}.
Thus, for each pair of ¢ and 7, the sets Di’j , D;’j ey DZ’il are the only 7, (L4x_1,4)-sets containing
the pair {u;, u;} and they form a pathin PD,(L4j,_1,4). By Corollary 2.1, forall z € {1,2,...,k}
and2 <i<j<q,

D;’j =D, U {Uiyuj} = 5 U {U4k—37 Vgk—2, Uy, Uj}n
where S, is a 7, (Py,_5)-set and especially Sy, contains the pair {vy4_¢, Vax—5}, and
DZ’il = D1 U{w;,uj} = Sk U{vap—2, Vag—1, u;, u; }.

Forall z € {1,2,...,k+ 1} and i € {2,3,...,q}, let D} = Dypyicrp = D,y i1y By
Corollary 2.2(2), forall z € {1,2,... k} and € {2,3,..., ¢}, we have

1,0 7 e
Dyt = Da:,k+1,k = S, U {Vak—3, Vap—2, U1, Us },
where S!, is a 7,, (Py,—5)-set and particularly S}, contains the pair {v4y_¢, Vax—5}, and
i _ o
Dy = Diyigpe = Sp U {vak—2, Vg1, ur, ui }

By Lemma 2.3, we get S, = S;. Theorem 2.2 shows that S, = S, forall z € {1,2,...,k}.
Therefore, for each z € {1,2,...,k + 1}, all D%’s with 1 < i < j < ¢ form a graph A, ; in
PD,(Lyy-1,4) (see Figure 13).

Let D = {D% :1 <z <k+1,2<i<j<q} Notethat D,,, withy < k does
not contain us, us, . .., Ug, SO it is not adjacent to any set in . By Corollary 2.2(3), for each
i€42,3,...,q}, Dyjric1 = D;HLZ with z < k contains the pairs {va,_4, var—3}, {u1, u;}, so
(Dg gti-1,2 \ {u1}) U{u;} is not a dominating set for all j # 1. This implies that D, j; 1 . is not
adjacent to any set in D. Therefore, all v, (Lsx—14)-sets form a graph By 1 giq—1.k- O

5. ~-Paired Dominating Graphs of Umbrella Graphs and Coconut Graphs

Let p and ¢ be positive integers. If ¢ = 1, then U, , = P, = C,,, and thus PD. (U, ,) and
PD,(C,,) can be obtained from Theorems 2.1 - 2.4. Let ¢ > 2. If p = 4k + 2 for some k > 0,
then it is easy to check that {vy; 19, V443 1 0 <@ < k — 1} U {vgp42, w1 } is the only ~,,. (U, ,)-set
and the only ~,,(C,,)-set, so we get the following theorem immediately.

Theorem 5.1. Let k > 0 and q > 2 be integers. Then PD.(Usii2,4) = Py =2 PD(Cupy2,4)-
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Figure 13: The graph A,_; formed by all D%7’s with 1 <i < j < ¢

Lemma 5.1. Let k > 0 and q > 2 be integers. Then each 7y, (Usi41,4)-set contains the vertex u;.

Proof. If ¢ = 2, then u; is a support vertex of Uyj1,4, s0 this lemma holds by Lemma 2.1. Let
q > 3 and suppose that there is a 7, (Us+1,4)-set D such that u; ¢ D. Then D must contain at
least two vertices from {us, us, ..., u,}. Recall that |D| = 2k + 2, so at most 2k vertices of D
must dominate all vertices in Py 1, which is impossible. O

Theorem 5.2. Let k > 0 and q > 2 be integers. Then PD.(Ust1,4) = Lig =2 PD~(Cups1,9)-

Proof. By Theorem 3.1, v, (Uskt1,9) = Vpr(Lak+1,4) = Ypr(Cagt1,4). Lemmas 2.1 and 5.1 im-
ply that every 7, (Cugt1,4)-set and every v,, (Usx11,4)-set contains either the pair {vgp11,u;} or
{uy,wu;} where i # 1. We follow the steps in the proof of Theorem 4.2, so we are done. [

Let £ > 1 be an integer. If ¢ € {2, 3}, then Uy, ; = Ly 4, and hence PD. (Uyi ) = Bit1 jrq—1
by Theorem 4.3. Let ¢ > 4. Note that every 7, (Us 4)-set is a 7y, ( Lay, ,)-set, but the converse need
not be true for some 7, (L4 ,)-set that does not contain u;. From the proof of Theorem 4.3, we
know that each ~,,(Lay,)-set that does not contain u; is D™ = D U {u;,u;}, where D is a
Yor(Pax)-set and 2 < ¢ < j < ¢. Similarly, each 7,,(Us,)-set that does not contain u; is of
the form D U {u;,u;} for some 2 < i < j < ¢. For ¢ = 4, we have D** is a v,.(Laj. 4)-set
but not a vy, (Ugka)-set, s0 PD.(Usps) = PD.(Lgrs) — {D**}. For ¢ = 5, only D** is a
Ypr (Usk,5)-set among all v, (L4 5)-sets containing the pair {u;,u,;} where 2 < i < j < 5, and
thus PD(Uss) = PD, (L) — { D>, D4, D23, D35, D451,

Corollary 5.1. Let k > 1 and q > 6 be integers. Then PD.(Uyq) = Akt1 ktrq—1-

Proof. Recall that v, (Usk q) = Ypr(Lak,4)- Similar to Lemma 5.1, we can prove that each v, (Ui 4)-
set contains uj, and then it contains either the pair {vyy, u1} or {uy, u;} where i # 1. Then we
follow the first two paragraphs of the proof in Theorem 4.3. [

By Lemma 2.1, each 7, (Cyy 4)-set contains u;. Again, we follow the first two paragraphs of
the proof in Theorem 4.3, so we get the following corollary.

Corollary 5.2. Let k > 1 and q > 2 be integers. Then PD.(Cyy ) = Akt1k+q-1-
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Let k& > 1 be an integer. By Theorem 4.4, we get that PD(Uy—1,) = PD,(Lar—1,4) =
Bt jpq—1,1 for ¢ € {2,3}. Let ¢ > 4. In the proof of Theorem 4.4, we know D\7, Dy, ... D7,
are the only 7, (L4;_1.4)-sets containing the pair {u;,u;} where 2 < i < j < ¢. Note that
D D3 .., Difl are not Yy, (Ugg—1.4)-sets, s0 PD(Ug—1.4) = PD.(Lyp_14) — {D?>* : 1 <
r < k+ 1}. Among all v,,(Ly;_15)-sets containing the pair {u;,u;} for 2 < i < j < b5,
only D>* D3* . Difl are Ypr(Usk—1,5)-sets, so we get that PD. (Usy,—15) = PD.(Lag—15) —
(D23, D24, D25 D35 DA% .1 <o < k+ 1}

We can easily check that v, (Usk—1,4) = Ypr(Lak—1,4) = Vpr(Car—14)> every Yp,(Us—1,4)-set
contains u; for ¢ > 6, and every 7,,(Cyr_14)-set contains u; for ¢ > 2. We can obtain the
following results by repeating the steps of proof in Theorem 4.4 (first paragraph).

Corollary 5.3. Let k > 1 and q > 6 be integers. Then PD.(Us;—1,4) = Aps1 ktq—1,k-

Corollary 5.4. Let k > 1 and q > 2 be integers. Then PD.(Cyi_14) = Ak1 ktq—1k-
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