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Cyclic permutations and crossing numbers of join products
of symmetric graph of order six

STEFAN BEREZNY and MICHAL STAS

ABSTRACT. In the paper, we extend known results concerning crossing numbers for join of graphs of order
six. We give the crossing number of the join product G + D,,, where the graph G consists of two leaves incident
with two opposite vertices of one 4-cycle, and D, consists on n isolated vertices. The proof is done with the help
of software that generates all cyclic permutations for a given number k, and creates a new graph COG for
a calculating the distances between all (k — 1)! vertices of the graph. Finally, by adding new edges to the graph
G, we are able to obtain the crossing number of the join product with the discrete graph D, for two other graphs.
The methods used in the paper are new, and they are based on combinatorial properties of cyclic permutations.

1. INTRODUCTION

Let G be a simple graph with the vertex set V(G) and the edge set E(G). The crossing
number cr(G) of the graph G is defined as the minimum possible number of edge crossings
in a drawing of G in the plane. A drawing with the minimum number of crossings (an
optimal drawing) must be a good drawing; that is, each two edges have at most one point
in common, which is either a common end-vertex a crossing. Moreover, no three edges
cross in a point. Let G; and G be simple graphs with vertex sets V(G1) and V(G2), and
edge sets E(G1) and E(G3), respectively. The join product of two graphs G, and G,
denoted by G + G+, is obtained from the vertex-disjoint copies of G| and G5 by adding
all edges between V(G1) and V(Gs). For |V(G1)| = m and |V (G2)| = n, the edge set of
G1 + G is the union of disjoint edge sets of the graphs G, G, and the complete bipartite
graph Ky, .

Let D (D(G)) be a good drawing of the graph G. We denote the number of crossings
in D by crp(G). Let G, and G, be edge-disjoint subgraphs of G. We denote the number
of crossings between edges of G; and edges of G; by crp(G;, G;), and the number of
crossings among edges of G; in D by crp(G;). It is easy to see that for any three mutually
edge-disjoint subgraphs G;, G;, and G, of G, the following equations hold:

crp(G; U Gj) = CI‘D(Gi) + CI‘D(G]‘) + CI‘D(GZ‘, G]) ,
crp(Gi UGy, Gy) = crp(Gi, Gi) + erp(Gj, Gi) -
In the paper, some proofs are based on the Kleitman’s result on crossing numbers of
the complete bipartite graphs [4]. More precisely, he proved that

o= | 2] 25 (21252 3 mes

The purpose of this article is to extend the known results in [2], [5], [6], [7], [8], [9],
[10], and [11] for another two graphs. The methods used in the paper are new, and they
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are based on combinatorial properties of cyclic permutations. The similar methods were
partially used first time in the papers [3], and [10]. In [2], and [11], the properties of
cyclic permutations are also verified by the help of software. According to our opinion
the methods used in [5], [8], and [9], do not allow to establish the crossing number of
the join product G + D,,. Let G be the graph consisting of one 4-cycle and of two leaves
incident with two opposite vertices of the 4-cycle. We consider the join product of G with
the discrete graph on n vertices denoted by D,,. The graph G + D,, consists of one copy of
the graph G and of n vertices t1, 2, . .., t,, where any vertex ¢;, i = 1,2, ..., n, is adjacent
to every vertex of G. Let T%, 1 < i < n, denote the subgraph induced by the six edges
incident with the vertex ¢;. Thus, 7' U - -- U T is isomorphic with the complete bipartite
graph Ks ,, and

(1.1) G+Dn=GuK6,n=Gu(UTi>.

i=1
2. CYCLIC PERMUTATIONS AND CONFIGURATIONS

Let D be a good drawing of the graph G + D,,. The rotation rotp(t;) of a vertex ¢;
in the drawing D is the cyclic permutation that records the (cyclic) counter-clockwise
order in which the edges leave ¢;, see [3]. We use the notation (123456) if the counter-
clockwise order the edges incident with the vertex ¢; is t;vy, t;v2, t;vs, tiva, tits, and t;ve.
We emphasize that a rotation is a cyclic permutation. Hence, for ¢,j € {1,2,...,n}, i # j,
every subgraph 7" U T7 of the graph G + D,, is isomorphic with the graph K ». In the
paper, we will deal with the minimal necessary number of crossings among edges of a
subgraph isomorphic with K 5 in a drawing of G + D,, in which no edge of K o crosses
G, i.e. with the minimum of necessary number of crossings between the edges of 7% and
the edges of TV in a subgraph 7% U T7 induced by the drawing D of the graph G + D,
depending on the rotations rotp(¢;) and rotp(t;). Two vertices ¢; and ¢; of G + D,, are
antipodal in a drawing of G + D,, if the subdrawmg of T*UTY has no crossings. A drawing
is antipodal-free if it has no antipodal vertices.

As the complete bipartite graph K, is a subgraph of G + D, let us discuss some
properties of crossings among edges of its subgraph K¢ 2. Let D be a good drawing of
the graph K ,,. Woodall [12] proved that in the subdrawing of T* UT? = K  induced by
D, erp(T%,T7) > 6 if rotp(t;) = rotp(t;). Moreover, if Q(rotp(t;),rotp(t;)) denotes the
minimum number of interchanges of ad]acent elements of rotp (¢;) requlred to produce the
inverse cyclic permutation of rotD( ;), then Q(rotp(t;),rotp(t;)) < crp(T% T7). We will
separate the subgraphs 7%, i = 1, ..., n, of the graph G + D,, into three subsets depending
on how many considered 7" crosses the edges of Gin D. Let Rp = {T" : crp(G,T") = 0}
and Sp = {T" : crp(G,T") = 1}, fori € {1,2,...,n}. Hence, every other subgraph 7"
crosses G at least twice in D. Moreover, let F* denote the subgraph G U T for T* € Rp,
where i € {1,...,n}. Thus, for a given drawing of G, any F' is exactly represented by
rotp(t;). By D(FZ) we will understand subdrawing of F* induced by D. The list with
the short names of 6!/6 = 120 cyclic permutations of six elements can be generated by
the algorithm, see [1]. They are collected in Table 1.
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[ Name Cyclicp. [ Name Cyclicp. [[Name Cyclicp. [Name Cyclicp. |
P (123456) | P o (123645)| By — (125634)| Py (145623)
Po— (132456) | Ps2— (132645) || Pso— (152634) || P)o— (154623)
Py— (124356) | Py — (126345) || Ps— (126534) || Py — (146523)
Pi— (142356) || Poy— (162345) || Py — (162534)| Py — (164523)
Py— (134256) | Py — (136245) || Ps— (156234) || Py — (156423)
Py~ (143256) | Pg— (163245) || P — (165234) | Pos— (165423)
Pr— (123546) | Psvy —~ (124635)|| Psv— (135624) || Po7—~ (134562)
Ps— (132546) | Pss— (142635) || Pes — (153624) || Pis— (143562)
Py~ (125346) | Pw— (126435) || Peo— (136524) || Py — (135462)
Pio— (152346) | Py— (162435) || Po— (163524)| Pigo— (153462)
P — (135246) | Py— (146235)|| Ph— (156324) || Pt — (145362)
Pis— (153246) | Pp— (164235) || Po— (165324) || Pz — (154362)
Pis— (124536) || Pis— (134625)|| Prs— (124563) || Pios— (134652)
Py (142536) | Py— (143625) | Pry— (142563) || Py — (143652)
Pis— (125436) || Pis— (136425) || Prs— (125463) | Pigs — (136452)
Pig— (152436) | Pis— (163425) || Prg— (152463) || Pios— (163452)
Pig— (154236) | Pus— (164325) | Prs— (154263) || Plos— (164352)
Pro— (134526) | Pio— (123564) || Pro— (124653) || Pyo— (135642)
Py — (143526) || Psp— (132564) || Pxo— (142653) | Pio— (153642)
Py — (135426) | Py — (125364) || Py — (126453) || Puy— (136542)
Py (153426) | Poy— (152364) || P — (162453) || Pus— (163542)
Pos— (145326) || Ps3s— (135264) || Pss— (146253) || Puis— (156342)
Poy— (154326) || Ps4u— (153264) || Ps4a— (164253) || Plia— (165342)
Py (123465) | Ps— (123654) || Pis — (125643) || Pus — (145632)
Po— (132465) | Pss— (132654) || Pus— (152643) | Piyg— (154632)
Pyr— (124365) | Pyr— (126354) || Per— (126543) || Pur— (146532)
Pos— (142365) | Pos— (162354) || Pis— (162543) || Pus— (164532)
Pao— (134265) | Pso— (136254) || Pey— (156243) | Piyg— (156432)
Py — (143265) | Po— (163254) || Pyy— (165243) || Prop — (165432)

Vs

TABLE 1. Names of Cyclic Permutations of 6-elements set.
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FIGURE 1. Drawings of the graph G with crp(G) = 0 and of G + Ds.

In the paper, we will dealt with only drawings of the graph G with a possibility of an
existence of a subgraph T € Rp because of mentioned arguments in the proof of the main
Theorem 3.1. Assume a good drawing D of the graph G + D,, in which the edges of G
do not cross each other. In this case, without loss of generality, we can choose the vertex
notations of the graph in such a way as shown in Fig. 1(a).
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Our aim is to list all possible rotations rotp (¢;) which can appear in D if the edges of T*
do not cross the edges of G. Since there is only one subdrawing of F"*\ {v;, v3} represented
by the rotation (2546), we have four possibilities how to obtain the subdrawing of F*
depending on in which region the edges ¢;v; and t¢;v3 are placed. Thus, there are four
different possible configurations of the subgraph F* denoted as A;, Ay, A3, and Ay, i.e.
rotp(t;) = Aj for j = 1,2,3,4. As for our considerations does not play role which of the
regions is unbounded, assume the drawings shown in Fig. 2. In the rest of the paper, each
cyclic permutation will be represented by the permutation with 1 in the first position.
Thus, the configurations A;, As, A3, and A4 are represented by the cyclic permutations
P116 = (154632), P44 = (143625), P102 = (154362), and P47 = (146325), respectively. In
a fixed drawing of the graph G + D,,, some configurations from M do not must appear.
We denote by Mp the set of all configurations that exist in the drawing D belonging
to the set M = {A;, Ay, A3, As}. The unique drawing of the subgraph F* contains six
regions with the vertex ¢; on their boundaries, e.g. if F* has the configuration A4, then let
us denote these six regions by w1 2, w2 3, w36, W3 6,4, Wi.4,5, and w5 depending on which
of vertices of G are located on the boundary of the corresponding region. We will shortly
write t; € w, ,, if a vertex t; is placed in the region w, ,,.

Vg S

A3 Ay

FIGURE 2. Four drawings of possible configurations from M of subgraph F*.

We remark that if two different subgraphs F* and F’ with configurations from Mp
cross in a drawing D of G + D,,, then only the edges of T cross the edges of 77. Thus,
we will deal with the minimum numbers of crossings between two different subgraphs
F'and F’ depending on their configurations. Let X, Y be the configurations from Mp.
We shortly denote by crp(X,Y) the number of crossings in D between T% and 77 for
different T%, T7 € Rp such that F'!, F/ have configurations X, Y, respectively. Finally, let
cr(X,Y) = min{crp(X,Y)} over all good drawings of the graph G+ D,, with X, Y € Mp.
Our aim is to establish cr(X,Y") for all pairs X,Y € M. In the next statements we are able
to use the possibilities of the algorithm of the cyclic permutations of 6-elements set, see
[1]. By P; we will understand the inverse cyclic permutation to the permutation P;, for
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i =1,...,120. Woodall [12] defined the cyclic-ordered graph COG with the set of vertices
V = {P1, Ps,..., P12}, and with the set of edges E, where two vertices are joined by
the edge if the vertices correspond to the permutations P; and P;, which are formed by
the exchange of exactly two adjacent elements of the 6-tuple (i.e. an ordered set with
6 elements). Hence, if dcog("rotp(t;)”,”rotp(t;)”) denotes the distance between two
vertices correspond to the cyclic permutations rotp(¢;) and rotp(t;) in the graph COG,

then
(2.2) dcoc("rotp(t;)”, rotp(t;)”) = Q(rotp(t;),rotp(t;)) < crp(T%,T7)

for any two different subgraphs 7 and 7.

Let us show mentioned lower-bounds of number of crossing of two configurations.
The configurations 4; and A, are represented by the cyclic permutations Py = (154632)
and P4 = (143625), respectively. Since P16 = (123645) = P31, we have cr(A;, A2) > 4
using of dcog (" Ps1”,” P1a”) = 4. The same reason gives us cr(A;, A3) > 5, cr(Ay, Ay) > 5,
cr(Ag, As) > 5, cr(Aa, Ag) > 5, and cr(As, As) > 4. Moreover, by a discussion of possible
subdrawings, we can verify that cr(As, A4) > 5. Let F* and FV be two different graphs
having the configuration A3, A4, respectively. We will consider two possibilities for a
placement of the vertex ¢; into the six regions of F* with the vertex ¢; on their boundaries.
Remark that rotp(t;) = A4 is represented by the cyclic permutation Py; = (146325),
and let us denote w* = w12 Uwaze Uwse and w** = w34 Uwias Uwrs. If t;j € w*,
then the subdrawing D(F7) induced by the edges incident with the vertices vy, v4, and
vs crosses the edges of T on the boundary w* at least twice, once, and once, respectively.
Since 77 € Rp and rotp(t;) = A4, the edges of 77 must cross the edges of the region ws 3 6
at least once. If t; € w**, then the subdrawing D(F7) induced by the edges incident with
the vertices v3, v2, and vg crosses the edges of T? on the boundary w** also at least twice,
once, and once, respectively. Similarly, the edges of 77 must cross the edges of the region
w1,4,5 also at least once. Thus, the edges of I/ cross the edges of F' together at least five
times. Clearly, also cr(A4;, A;) > 6 for any ¢ = 1, 2, 3,4. Thus, all lower-bounds of number
of crossing of configurations from M are summarized in Table 2.

[ A A2 [ Ay [ A

Ay 6| 4| 5| o
Ag 41 6| 5| 5
Az 5| 5] 6] o
Ay 5| 5| 5| 6

TABLE 2. The necessary number of crossings between 7% and TV for
the configurations of F* and F” from M.

3. THE CROSSING NUMBER OF G + D,,

In the proof of Theorem 3.1, the following lemmas related to some restricted drawings
of the graph G + D,, are needed. Let us note that if the edges of G do not cross each other,
in D, then crp (7" UTY) > 4 for any two different subgraphs 7%, 77 € Rp by Table 2.
Lemma 3.1. Let D be a good and antipodal-free drawing of G + D,,, n > 2. Let 2|Rp| + |Sp| >
2n — 2 {%J and let T', T3 € Rp be two different subgraphs with crp(T* U T7) > 4. If both
conditions

(3.3) cap(GUT'UTI,TY > 10 forany T' € Rp \ {T*, 77},
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(34) cap(GUT UTI, T > 7 forany T' € Sp

hold, then there are at least 6 {%J VTAJ +2 {%J crossings in D.

Proof. We denote by » = |Rp| and s = |Sp|. By the antipodal-free drawing D, any
subgraph T! ¢ Rp U Sp satisfies the condition crp(G U T UT?, T!) > 4, and the number
of T' that cross the graph G at least twice is equal to n — r — s. By fixing of the graph
G UT"UT/ we have

CTD(G + Dn) = CrD(KG,n—Q) + CI‘D(K&”_Q, GU TZ U Tj) + CI‘D(G U 772 U Tj)

z%”f“n;ﬂ +10(r72)+7s+4(n77"fs)+4:6VL;2JVL;?)J 4302 + 5)
L I R EIED R Y EEpe
0

Remark that if D is a good and antipodal-free drawing of G + D,,, and T? € Rp such
that F* has configuration A; € Mp, then crp(G U T, T') > 3 for any subgraph T", | # i,
see Fig. 2. Moreover, there are possibilities of an existence of a subgraph T* € Sp with
crp (T4, TF) =2 only for the cases of the configurations A;, and As of F".

Lemma 3.2. Let D be a good and antipodal-free drawing of G + D,,, n > 2. Let T* € Rp be
a subgraph such that F* has configuration A; € Mp, j € {1,2}. If there is a subgraph T* € Sp
with crp (T, T*) = 2, then

a) crp(TPU TR, TY) > 4 for any subgraph T, | # i, k;

b) cep(GUT UT* T > 7 for any subgraph T' € Sp, with crp (T, T') = 3;

¢) cap(GUT UTF TY > 6 for any subgraph T' € Sp, with crp (T, TY) = 4.

Proof. Let us assume the configuration A; of F, and remark that it is represented by
the cyclic permutation P16 = (154632).

a) The unique drawing of the subgraph F* contains six regions with the vertex ¢;
on their boundaries, see Fig. 2. If there is a T* € Sp with crp (7%, TF) = 2, then
the vertex ¢, must be placed in the quadrangular region with three vertices of
G on its boundary, i.e. ¢, € w34 Or t € wya5. Thus, the subgraph F* has a
configuration which can be represented only by two possible cyclic permutations
Py; = (124365) or Prg = (142365), see Fig. 3. For example, with the help of the
algorithm [1], the reader can easy to verify there is no cyclic permutation P, diffe-
rent from P16, Po7, and Pag with doog(” Pi16”,” P”) + dcoa (" Par”, " Pp”) < 4,
or dcog("Pi16”," Pn”) + dcoc (" Pas”,” Py, ) < 4. Thus, Woodall’s result implies
that there is no subgraph 7" with crp (7% UT*, T?) < 4 for any [ # i, k.

b) Let T' € Sp be a subgraph with crp (7%, T') = 3. The reader can easy to verify by
a discussion that if t; € wy s Uw; 5 Uws 3Uws g, then crp(T%, TY) > 4. Let the vertex
t; be placed in one of the region w3 ¢ 4, wi 4,5. Then the subdrawing D(F') indu-
ced by the edges incident with the vertices v,, vs, and vg crosses the edges of T*
once. Since 7' € Sp, the subdrawing D(F') induced by the edges incident with
the vertices v;, and v crosses the edge of G at most once. Thus, the subgraph
F! has a configuration represented by cyclic permutations containing the cyclic
sub-permutation (546), but not containing the cyclic sub-permutations (4126) and
(4216). Hence, let us define

Perm = {P, : (546) C P, A (4126) ¢ P, A (4216) ¢ P},
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where [ € {1,...,120}. If there is a subgraph T* € Sp with crp(T*, T?) = 2, then
erp(GUTHUTF, TH >1+3+3="7for any T! € Sp with crp(T*, T") > 3.

Assume that there is a subgraph T! € Sp, | # k with crp(T*,T') < 3. Since
Py; = P13, Pag = P71, and P16 = P31, let us define the following sets of the cyclic
permutations Permyr = {P, : dcoc("P,”,” P113”) < 3 ANdcoc("P,”,”P51”) < 3},
and Permoyg = {Pl :deoc("P”,"Pry7) < 3 A dCOG’(”PZ”,”PSf’) < 3}. Hence,
the subgraph F' has a configuration represented by a P, € Perma; U Permys, see
[12]. By the help of the algorithm [1], we can verify that

Permyy = {Ps6, Pus, Pas, Ps1, Pe1, Po2, Pes, Pos, Pes, Pros, Prog, Prio, Pri2},
Permog = { Py, P12, P34, P35, Ps6, Pas, Psa, Po1, Po2, Poss Poos Poss Prio}-
Since the sets Perm and Permy; U Permyg are disjoint, then there is no subgraph
T ¢ SD,l#kWithCI‘D(Tk,Tl) < 3. 4
c) If there is a subgraph T' € Sp with crp(T%,T') = 4, then crp(GU T UTF, TY) >
144+ 1 = 6 by the antipodal-free drawing D.
Due to symmetry of the configurations 4; and Ay, let us define the function
I1:{1,2,3,4,5,6} — {1,2,3,4,5,6}, with1 ¢+ 3,24 4, and 5 <> 6.

Thus, the configuration As is obtained from A, using the transformation I, and this com-
pletes the proof of Lemma. O
Remark that the lower bound 6 in case c¢) of Lemma 3.2 can not be higher, see Fig. 3.

FIGURE 3. Two drawings of GUT'UT*UT! with crp(GUT'UT*, T!) = 6
for T® € Rp with the configuration A; of F' = GUT?, and T*,T" € Sp.

Lemma 3.3. Let D be a good and antipodal-free drawing of G + Dy, n > 2, and let Mp be
non-empty set with { Ay, Ao} C Mp. If T%, T7 € Rp are different subgraphs such that F*, F’
have configurations Ay, As, respectively, then

cap(GUT UTI, TF) > 7 forany T* € Sp.

Proof. Let us assume the configurations A; of F' and A, of F9. If thereis a T% € Sp
with crp(T%,T%) = 2, then the subgraph F* can be represented by one of the cyclic
permutations Py = (124365), and P = (142365). Let us note that the configuration
A, is represented by P,4. Using Py; = (156342) = P13, Pogs = (156324) = P7y, and
dcog(”P71”7”P44”) = dCOG(”P11377,”P4477) = 4 we obtain CI‘D(Tj,Tk) > 4. Hence,
carp(GUT'UTI,TF) > 1+ 2+ 4 = 7. Due to symmetry, we can apply the same

Let 7, o be two cyclic permutations. We will say that 7 is a cyclic sub-permutation of o, if each cycle of 7 is
a sub-cycle of some cycle of ¢ in the obvious sense of preserving cyclic order. We denote this by 7 C o.
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idea for the case, if there is a T% € Sp with crp(T7,T%) = 2. If crp(T%, T*) > 3, and
crp(T7,T*) > 3 forany T* € Sp, then crp(GUT UT?, T*) > 1+ 3+ 3 = 7 trivially holds
for any T* € Sp, and this completes the proof. O
The exact values of the crossing numbers of small graphs can be also computed using
the algorithm located on the website http://crossings.uos.de/. It uses an ILP for-
mulation, based on Kuratowski subgraphs, and solves it via branch-and-cut-and-price.
The system also generates verifiable formal proofs. So, we obtain the following result.

Lemma 3.4. cr(G + D3) = 2.

FIGURE 4. A good drawing of G + D,,.

Now we are able to prove the main results of the paper.

Theorem 3.1. cr(G + D,,) = 6 {%J VTAJ +2 {%J forn > 1.

Proof. In Fig. 4 there is a drawing of G + D,, with 6 [%J VT_lJ +2 {%J crossings. Thus,

cr(G+D,) <6 {%J VTAJ +2 {%J We prove the reverse inequality by induction on n.

The graph G + D; is planar, hence cr(G + D;) = 0. By Lemma 3.4 the result is true for
n = 2. Suppose now that, for n > 3, there is a drawing D with

(3.5) crp(G + D) <6[§J V‘;lj +2[§J,
and let
(3.6) cr(G+ D,,) >6 {%J {mT_lJ +2 L%J for any integer m < n.

Let us first show that the considered drawing D must be antipodal-free. As a contra-
diction we can suppose that, without loss of generality, crp (7", T") = 0. One can easy
to verify that crp(G, 7"~ UT™) > 2. The known fact that cr(Ks3) = 6 implies that any
TF, k=1,2,...,n—2,crosses T~ 1 UT" at least six times. So, for the number of crossings
in D we have

cap(G+ D,)=crp(G+ Dy—9) + ch(T"_1 uT™) + CrD(K67n727Tn_l uTm)

st o 25252 25 sty <of 25 (3]

This contradiction confirms that D is antipodal-free. Our assumption on D together with
cr(Ke ) =6 {gJ VTAJ implies that

crp(G) + crp(G, Ke,n) < 2 {gJ .
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Thus, if we denote r = |Rp| and s = |Sp]|, then

ch(G)+Or+1s+2(n—r—s)<2LgJ.

Hence,r > 1,2r +s > 2n—2|%|,andr > n —r —s. For T* € Rp, we will discuss
the existence of possible configurations of ' in the drawing D in the following cases:
Case 1: crp(G) = 0.
Since r > 1, i.e. there is a subgraph T? € Rp, we can choose the vertex notations of the
graph in such a way as shown in Fig. 1(a). Thus, we will deal with the set of configurations
belonging to Mp.
a) A; € Mp forsome j € {3,4}.
Without lost of generality, we can assume that 7" € Rp with F" having configu-
ration A, j € {3,4}. The subdrawing of F™ induced by D can be obtained from
the drawings in Fig. 2. Thus, we can easy to verify that there is no Tk € Sp with
crp(T™, T*) < 2. Moreover, crp(T",T%) > 5 for any 7% € Rp by Table 2. Hence,
by fixing of the graph G UT"™ we have

crp(G+ Dy) =crp(Kgpn—1) + crp(Kp pn-1,GUT™) + crp(GUT™)

Z6Ln;1J VL;QJ—|—5(r—1)—|—4s—|—3(n—r—s):6VL;1J VL;QJ—F(QT—FS)

tan-520[ 251 (252 on o[ 2] 43 son-s 23] |25 2]

In addition, let us consider that A3 ¢ Mp and Ay € Mp.

b) {A41,A42} C Mp.
Without lost of generality, let us fix two 7", T"~! € Rp such that F", F"!
have configurations A;, A, respectively. Then condition (3.3) is true by summing
the values in all columns in the first two rows of Table 2, and condition (3.4) holds
by Lemma 3.3. Thus, all assumptions of Lemma 3.1 are fulfilled.

¢) Mp ={A;} foronly one j € {1, 2}.
Without lost of generality, we can assume the configuration A; of F". Let us
denote Sp(T") = {T* € Sp : crp(F™,T") = 3}, and S,H(T") = {T* € Sp :
crp(F™, T%) = 4}. We denote by s; = |Sp(T")| and sz = |S},(T™)|. Remark that
Sp(T™) and S%,(T™) are disjoint subsets of Sp, and s1 + s2 < s,1.e. s — 51 —s2 > 0.
Hence, we will discuss two possibilities:

1) If s; < s — s1 — sg, then by fixing of the graph G UT™ we have

CI‘D(G + Dn) = CrD(KG,nfl) + CI‘D(KG,n,h GU Tn) + CI‘D(G U Tn)

2 2
Z6Vl;1J Ln;QJ+6(r—1)+4s+3(n—r—s):6{n;1JLn;QJ
+r+(2r+s)+3n—626gJ VlglJJngJ

2) Let us assume that s; > s — s; — 859, ie. 57 —1 > s — 5] — s9. Let T" be
a subgraph from non-empty set Sp(7™). As we assume Mp = {A;}, then
we have crp(GUT" UTF TY) > 6+ 2 = 8forany T° € Rp, i # n. In
the proof of Lemma 3.2, it was showed that the subgraph F* can have only
configuration represented by one of the cyclic permutations Po7 = (124365),
and Pps = (142365). Using Pys = Pr1, and dcog(” Per”,” Pr1”) = 5 we obtain
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crp(GUTUTF, T >1+2+5=8forany 7% € Sp(T™), i # k. Again by
Lemma 3.2, we can verify that crp (GUT" UT*, T%) > 7 for any T% € S}, (T"),
and crp (GUT"UT*  T?) > 6 forany T € Sp with crp(F™, T?) > 5. Moreover,
crp(GUTPUTR T > 2+ 4 =6 forany T° ¢ Rp U Sp. Thus, by fixing of
the graph G U T™ UT* we have

CI‘D(G + Dn) = CI‘D(K67n_2) + CI'D(KG,”_27 GU ™ U Tk) + CI'D(G U ™ U Tk)

Z%”;QJ VL;SJ +8(r—1)+8(s1 —1)+7s2+6(s—s1 —s2)+6(n—r—s)+3
Z@V‘;ﬂ {n;?’JJrg(rf1)+7(5,1)+6(n77,75)+3:6{n;2J {n;:;J
+(2r+s)+6n—1226gJ L”QIJJFQL%J

Due to symmetry, the same arguments are used for the case Mp = {45}
Case 2: crp(G) = 1.

There are six drawings of G with one crossing among its edges, see Fig. 5. Since Rp # 0,
we will dealt with only two drawings of G, because there is a possibility of an existence
of a subgraph T* € Rp only for the drawing of G as in Fig. 5(a), (b).

AN N

(a)

@M/M

FIGURE 5. Six possible drawings of the graph G with crp(G) = 1.

\'
V
Vs 5%\/6
V2 V3 V1 V2
(b)

FIGURE 6. The vertex notations of the graph G with crp(G) = 1.

a) crp(G) =1 as in Fig. 5(a).
Without loss of generality, we can choose the vertex notations of the graph G in
such a way as shown in Fig. 6(a). Thus, we can list all possible rotations rotp(¢;)
which can appear in D if the edges of 7" do not cross the edges of G. Let us start
with the subdrawing of D(F*) induced by the edges incident with the vertices vy,
and v3. These two edges together with the edges of GG divide the plane into a few
regions, but the vertices vy, and vy, vs must be placed in two different of them.
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Since there are two possibilities in which region the vertex vs can be placed, we
obtain two different possible configurations of F* denoted as By, and Bs. They are
are represented by the cyclic permutations Pys = (164325) and Pi19 = (156432),
respectively.

Vs

B,

FIGURE 7. Two drawings of possible configurations of subgraph F*.

The condition P19 = (123465) = Py5 together with doo (" Pas”,” Pes”) = 5 imply
cr(By, Bs) > 5. Moreover, if we assume that 7" € Rp, then there is no T% € Sp
with crp (7™, T%) < 2. Hence, by fixing of the graph F™ we can use the same
inequalities as in Case 1a).

b) crp(G) =1 as in Fig. 5(b).

Without loss of generality, we can choose the vertex notations of the graph G in
such a way as shown in Fig. 6(b). Again, our aim is to list all possible rotations
rotp(t;) which can appear in D if the edges of T do not cross the edges of G. Since
there is only one subdrawing of F*\ {vs, v} represented by the rotation (1562), we
have four drawings of F"* depending on in which region the vertices v, and vy are
placed. We denote by N the set of all configurations that exist in the drawing D
belonging to the set V' = {C}, Cs, C5, Cy}, see Fig. 8. Moreover, all lower-bounds
of number of crossing of configurations from N are same like in Table 2, of course
with the corresponding indexes.

FIGURE 8. Four drawings of possible configurations from N of subgraph F*.
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It is easy to see, if a T% € Rp with the configuration C; of F*, then crp(GUT?,T7) > 4
for any 77, j # i. Thus, we will consider two cases:
1) Cy € N, D
Without lost of generality, we can assume the configuration C; of F™. Then, by
fixing of the graph G U T™ we have

CPD(G + Dn) = CI‘D(KG,nfl) + CI“D(KG’nfl, G U Tn) =+ CI‘D(G U Tn)

20|75 [252 04120225 23]

2 2 2 2 2
2) Cy & Np.
Without lost of generality, let us assume 7" € Rp such that the subgraph F™ has
the configuration C; € Np, j # 2. By the drawings of the subgraph F™ in Fig. 8,
there isno T" € Sp with crp(GUT™, T?) < 3. Using the lower-bounds of number
of crossings of configurations in Table 2, if we fix the graph G UT™, then

crp(G+ Dy,) =crp(Kgp—1) + crp (Ko pn-1, GUT™) + crp(GUT"™)

EGVLQIHTL;QJ +5(r —1) +4s +3(n—7 — ) + 1> 6| 7| VL;lJ +2|3].

Case 3: crp(G) > 2.
The reader can easy to verify over all possible drawings D with the non-empty set Rp
thatifa 7% € Rp, then crp(G UT?, T79) > 4 for any subgraph 77, j # i. Thus, by fixing of
the graph G U T" we have

crp(G+ D,,) =crp(Kgpn—1) + crp(Kp pno1,GU Ti) +crp(GU T

o] [%5 2 a0 4220[2] |75 af 3]

Thus, it was shown that there is no good drawing D of the graph G + D,, with less than

6 {%J {%J +2 {%J crossings. This completes the proof of the main theorem. O

4. COROLLARIES

FIGURE 9. Two graphs G; and G by adding new edges to the graph G.

In Fig. 4 we are able to add some edges to the graph G without additional crossings.
So the drawing of the graphs G; + D,, and G» + D,, with 6| % || 25| + 2|2 | crossings is
obtained. Thus, the next results are obvious.

Corollary 4.1. cr(G; + D) = 6|4 || 25| +2| 3| forn = 1, where i = 1,2,
Remark that the crossing numbers of the graph G2 + D,, was obtained in [5] without

using the vertex rotation.
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