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Abstract

A graph G = (V(G), E(G)) of order n is called (a, d)-distance antimagic if there exists a bijection
(:V(G) — {1,2,...,n} such that the set of vertex weights is {a,a+d,a+2d,...,a+ (n—1)d},
where ¢ > 0 and d > 0. In such a case, ¢ is called an (a, d)-distance antimagic labeling of
G. In this paper, we provide necessary and sufficient conditions of the graphs C,, U tCsz where
n € {5,7,9,11}, Co41 U tCq, m(C,, U Cs), mC,, U 5(mn — 1)C, and Cyp U mCs U tC to be
(a, d)-distance antimagic for some positive integers m, n, and ¢.
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1. Introduction

For standard definitions and notation in graph theory, we refer the reader to Hartsfield and
Ringel [8]. Let G = (V(G), E(G)) be a simple graph of order n without isolated vertices. A
bijection ¢ : V(G) — {1,2,...,n} is called a vertex labeling of G. The weight of a vertex
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x € V(G) with respect to ¢ is defined as

yEN (z)

where N(z) = {y € V(G) : xzy € E(G)}. The labeling ¢ is called a distance magic (DM)
labeling if [{w(x) : x € V(G)}| = 1, and it is called a distance antimagic (DA) labeling if
Hw(x) : x € V(G)}| = n. In particular, if {w(z) : z € V(G)} ={a+ (1 —1)d : 1 <i < n},
where @ > 0 and d > 0, then ¢ is called an (a, d)-DA labeling and G is called an (a, d)-DA graph.

The concept of DM labeling was introduced independently by Vilfred in 1994 [28] and by
Miller et al. in 2003 [18]. In [28], this labeling was referred to as a >.-labeling, while Miller et
al. [18] used the term 1-vertex magic vertex labeling. The term DM labeling was introduced by
Sugeng et al. in 2009 [27]. Meanwhile, the concept of (a, d)-DA labeling was introduced by Aru-
mugam and Kamatchi [1] in 2012 and DA labeling was introduced by Kamatchi and Arumugam
[11]in 2013.

Graph labelings of 2-regular graphs have been extensively studied; see, for example, [2, 10, 15,
16, 17]. The results on DM and DA labelings of 2-regular graphs are studied in [11, 20, 21], and for
other classes of graphs are presented in [3, 4, 5, 6, 9, 12, 13, 14, 19, 22, 24, 26, 29]. Additionally,
generalizations of DM and DA labelings are discussed in [23, 25]. For further results on this topic
and other types of graph labelings, we refer the reader to Gallians dynamic survey [7].

In [1], Arumugam and Kamatchi showed that the cycle C,, is (a, d)-DA iff n is odd and d = 1.
They further proposed the following problem.

Problem 1. [1] Characterize the disconnected 2-regular (a, d)-DA graphs.

Ngurah and Simanjuntak [20] gave partial answers to the Problem 1 by establishing a necessary
condition for a 2-regular graph to admit an (a, d)-DA labeling.

Lemma 1.1. [20] For every integer n > 3, if G is a 2-regular (a,d)-DA graph of order n, then
d =1, nisodd, and G does not contain C,.

They also gave the following results.

Theorem 1.1. [20] For every integer m > 1,n > 3, the graph mC,, is (a,d)-DA iff d = 1 and
both m,n are odd.

Theorem 1.2. [20] For every integer n > 7, the graph C,, U Cg is (a,d)-DA iff d = 1 and n is odd.

Motivated by these resuls, in this paper, we investigate (a, d)-DA labelings of the graphs C,, U
tCg for aninteger t > 2andn € {5,7,9,11}; Cy, 1 UtCg for an integer t > 6; m(C,,UCs) for odd
integers m > 3 and n > 7; mC,, U %(mn — 1)C for odd integers m,n > 3; and Cyo UmC3 UtCl,
for an odd integer m > 1 and a positive integer ¢.
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2. Main Results

This section presents a partial answer to Problem 1 through a characterization of certain classes
of disconnected 2-regular (a, d)-DA graphs. Throughout this paper, in each figure, the black num-
bers denote the vertex labels, while the red numbers denote the corresponding vertex weights.

To prove the first theorem, we use the shifting Kotzig matrix A = [a; ;] of order 3 x 2t whose
row entries are permutations of {—¢, —t+1,...,—2,—1,1,2,...,t} and B = [; ;] of order 3 x 2¢
whose row entries are permutations of {—t — 1, —¢t,...,¢,¢t + 1} such that b, ; # —1,0, and 1,
byj # —t,0,and ¢, and b3 ; # —t — 1,0, and ¢ + 1, and each column has sum 0. The existence of
A and B can be found in [10, Lemma 2] and [17, Lemma 9], respectively. For ¢t = 3, the matrices
A and B are given as follows:

-3 -2 -1 1 2 3 -4 -3 -2 2 3 4
A=|1 3 -2 2 -3 —-1|, B=|2 4 -1 1 —4 -2
2 -1 3 -3 1 =2 2 -1 3 -3 1 =2

The matrix A in [10, Lemma 2] satisfy
{CLQJ + ag,j} = {Cl37j + CLL]’} = {CLL]' + GQJ} = {—t, —t+ 1, RN —2, —1, 1, 2, R 1,t},

and the matrix B in [17, Lemma 9] satisfy

{brj+bo;}={—t,—t+1,...,-2,—-1,1,2,...,t —1,t}
{ba; +bs;}={—-t—1,—t,...,—2,2,... .t t+1}
{bs;+bi;}={-t—-1,—t+1,—t+2,...,—2,-1,1,2,...,t -2t —1,t +1}.

The next theorem characterize (a, d)-DA labeling of C,, U tCs forn € {5,7,9,11} and t > 2.

Theorem 2.1. For every integert > 2 andn € {5,7,9,11}, the graph G = C,, UtCq is (a,d)-DA
iffd = 1.

Proof. Lemma 1.1 implies that, if G is (a, d)-DA, then d = 1. Conversely, let
V(G)={%:1<i<n}U{y,;:1<i<6,1<j<t},
and
E(G) ={zzit1, znz1 1 1 <i<n—1} U{yijyis14, Yo 01,50 1 <i <5 1<j <t}

Forj =1,2,...,t,1et Yo 1 = {y1;,Ys;, Y5} and Yo; = {y2,j, ya, ve.; }- Clearly, ¥1,Ya, ..., Yo,
and {z; : 1 < i < n} form a partition of V' (G). To show that G is (a,d)-DA, we consider the
following cases.

Casel.n =5,7,9.

Subcase 1.1. ¢t = 2.
Label the graph C5U2Cs by (1,2, 9,13, 15), (3,4, 10,8, 16, 12), (5,7, 6, 11,17, 14), graph C7U2C}
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by (2,19,11,4,18,17,9), (1,3, 10, 12, 15, 14), (5,6, 7,8, 13, 16), and graph CoU2C; by (1,13, 19,5,2,9, 21, 16, 3
These labelings are an (%15, 1)-DA labelings of C5 U 2C, C7 U 2Cg, and Cy U 2C§, respectively.

Subcase 1.2. ¢t > 3.
Consider a matrix A* = [a;] ;] of order 3 x 2t defined by

CLTJ =t+ 2 + CLLj,

1

as ;= 3t + E(n +1) + as, and
1

az; = 5t + §(n +5) + as,

where j =1,2,...,2¢t.

Define a labeling ¢ : V(G) — {1,2,...,6t + n} as follows.

Forn = 5, label £(z1) = 1,{(z) = —|— 2 (z3) =3t +3,0(z4) = 4t + 4, and {(z5) = 5t + 5.

Forn = 7,label £(z1) = 1,0(z2) = t+2,0(23) = 5t+6,0(z4) = 2t +3,{(25) = 4t+5,{(z5) =
6t + 7, and ¢(z7) = 3t + 4.

Forn = 9,label {(z1) = 1,0(z9) = 2t+3,0(z3) = 5t+7,0(z4) = 2t+4,0(25) = 4146, (z5) =
t+ 2, £(27) =3t + 5, 6(28) = 6t + 8, and Z(Zg) =6t + 9.

Next, label the vertices of tC's as follows:

0Y;) =at,, 1<j<2t,
where 7 is any permutation of {1,2, ..., 2t} and a;, is the 7 (j)-th column of A*. Since 7 is a per-
mutation of {1, 2, ..., 2t}, every column of A* is assigned to exactly one of the sets Y7, Y5, ..., Ya,.

First, we show that / is a bijection. By the definition of matrix A and matrix A*, we obtain
{a7,:1<j<2ty={2,3,....2t +2}\ {t +2},

| 3 1 1
{a;j:1§jg2t}:{2t+% 2t+”‘£ ,...,4t+”; }\{3t+”+ },and

>
5 7 5 5
{a§7j:1§j§2t}:{4t+n—2i_ 41t+";r ..,6t+n; }\{5t+”;r }

These three sets are pairwise disjoint and each has cardinality 2¢. Thus,

{0(yi;) 1 <i<6,1<j<t}={L2,...,6t+n}\{l(z):1<i<n},
or equivalently

{Uyij) :1<i<6,1<j<t}U{l(z):1<i<n}={12,...,6t+n},

and hence / is a bijection.
Next, we show that the set of vertex weights are consecutive integers with the smallest weight
is 3t + 3(n + 3). The weights of the vertices of C5, C7, and Cy are given by

{3t 44,4t 4+ 5,5t + 6,6t + 7,8t + 8},
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{3t + 5,4t + 6,5t + 7,6t + 8,7t + 9,8t + 10,9t + 11},

and
{3t +6,4t + 7,5t + 8,6t + 9,7t + 10, 7t + 11,8t + 12,9t + 13,9t + 14},

respectively. We now determine the weights of all vertices of tCy. Foreach j = 1,2,... 1,

{w(yag), w(yag), wye ;) = 1€(yrs) + L(ys), L(ys3) +€(sj), L(ysz) + (Y1)}
{w(yr;), w(ys;), w(ys;)} = {€(yas) + €(Y6.5), ((y2.5) + €(Yaz): L(Yaz) + (Ys5) }-

Consequently,

2t
{w(yy):1<i<6, 1<j<t}=|J{a}; +a}; a5, +a5;.a5; +ai,}.
j=1

Since
§ i , n+5 n+7 n+5 n+5
{a17]+a/2’]1§j§2t}:{3t+7,3t+ 5 7,5t+ 9 }\{4t+ 5 }7
{as; +a3; 1 <j<2y={Tt+n+3,Tt+n+4,...,9%+n+3}\ {8t +n+3}, and

9 11 9 9
{“%*aijilﬁjéﬂ}:{5t+%,5t+nz ,...,7zt+n;r }\{GH";r }

then

{w(y;) 1 <i <6, 1gjgt}:{6t+;+376t+;+5,”"18t+§>n+1}

\ {w(z):1<i<n}

Case 2. n = 11.
Consider a matrix B* = [b; ;] of order 3 x 2t defined by

b;j =3t+6+ bQJ, and
by ; = 5t + 10 + b3,

where j = 1,2,...,2t.
Define a labeling ¢ : V(G) — {1,2,...,6t + 11} as follows.

Uz1) =t+1,0(z) =t +3,0(z3) =4t +8,0(2z4) =4t +9,0(25) =t +2,{(26) = 4t + 6,

6(27) =3t + 6,6(28) =2t + 6,6(2’9) = bt + 10,6(2’10) = 6t + 11, and E(le) =2t +4.

Next, label the vertices of tCy as follows:

() =bi,, 1<j<2t,
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where 7 is any permutation of {1,2,...,2t} and b;(j) is the 7(j)-th column of B*.
We first verify that ¢ is a bijection. Observe that

(07, 1<j<2y={1,2,..., 2t +3}\ {t + 1t +2,¢ + 3},
(05,1 <j <2t} ={2+5}U{2t+7,..., 4t + 7} \ {3t + 6,4t + 6},
(05,01 <j <2t} = {4t + 10,4t +11,...,6t + 11} \ {5t + 10,6t + 11}.

These three sets are pairwise disjoint and each has cardinality 2¢. Thus, B* contains 6t pairwise
distinct entries and

{llyij) 1 1<i<6,1<j<t}={L2...,6t+11}\{{(z): 1 <i<11}
or equivalently
{lyij) 1<i<6,1<j<t}U{l(z):1<i<n}={12,...,6t+n},

and hence / is a bijection.
The weights of the vertices of C'}; are

{3t + 7,4t + 8,5t + 9,5t + 10,5t + 12,6t + 12,7t + 12,7t + 14,8t + 15,8t + 16, 8t + 17}.

As in Case 1, the weights of all vertices of tC are obtained from the three pairwise sums in each
column of B*,

2t
{wyiy) : 1<i <6, 1< j <t} =| J{bf,; +05,,b5, + 05, b5, + 05}
j=1

Since,

by, +bs, 1< j<2)={3t+83t+09,...,5t+8}\ {4t + 8},
{by, +05, 01 <j <2}y ={Tt+ 15,7t +16,...,9t + 17} \ {8t + 15,8t + 16,8t + 17},
(b3, + 05,1 < g <2ty = {5t + 11} U {5t + 13,5¢ + 14,...,6t + 11}

U {6t + 13,6t + 14,...,7t + 11} U {7t + 13},

then
{w(y;) :1<i<6,1<j<t}={3t+7,3t+8,...,9t+ 17} \ {w(z): 1 <i<11}.

Thus, for all cases, all vertex weights are distinct and

6t 3 6t ) 18t + 3 1
{w(x):xGV(G)}:{ —i—2n+ : +2n—|— s +2n+ }

Hence, (is a (®£243 1)-DA labeling of G. O
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As examples, Figure 1 shows the labeling of C's U 3Cg and C; U 3Cg. In this case,

A= |13 15 10 14 9 = 17 19 14 16 11 13

2 3 2 3 7 8 9
22 19 23 17 21 18 27 24 28 22 26 23

For C5 U 3C%, if we set m; = G i :23 ;L g 6) then

g(ifl) - aT7£(Y2) = aLf(YQ) = a;E(Y;l) = a;,f(%) - a;;’ and g(}/ﬁ) - ag'

345 6)
1 2 4 ¢) """

as shown in Figure 1(a). If we set my = (il’) g
(Y1) = a3, £(Ys) = a3, £(Yy) = a], (Vi) = a3, ((Y;) = aj, and ((¥5) = aj,
as shown in Figure 1(b). For C; U 3Cj, if we set 3 = G

(Y1) = by, £(Yz) = by, £(Ys) = b3, £(Y4) = by, £(Y5) = b, and £(Ys) = by,

as shown in Figure 1(c).

2 6 3 7 4 8 4 6 2 3 8
3 15 28 18 26 14 3 14 18 1 26 28]
20 S 17, 13 21 15 18 10 20 S 17, 10 15 13 18 21
[ ] [}
"24 2 "22 1@ 27 169 "27 2 Loh »® 16 1P
31 35, 30 3 9 3 31 33 34 35, 9 30,
16 12 22 14 9 9 23 11 16 12 23 14 22 19 9 11
(a) (b)
1 2 3 7 8 9
6 21 5 26 18 29 17 32 19
16 24 27 25
24 17 22 14 23 11
20918 [}
% 2% B o % 9
33 35 4 40 30
10 29 25 12 15 43 44 38 4 6 3%
27 9 16 26 13

Figure 1: (a). A (13,1)-DA labeling of C5 U 3Cs based on 7. (b). A (13,1)-DA labeling of C5 U 3Cs based on 5.
(c). A (16, 1)-DA labeling of C; U 3Cs based on 7.

In the following theorem, we investigate a necessary and sufficient condition for the graph
Cyy1 U tCs to be (a,d)-DA. The case C3 U Cg was proved by Ngurah and Simanjuntak [20],
whereas the cases U1 U tCq for t = 2, 3,4, 5 were proved in the previous theorem. Thus, in the
next theorem, we consider the case ¢ > 6.

Theorem 2.2. For every integert > 6, the graph G = Cy 1 UtCy is (a,d)-DA iff d = 1.
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Proof. Lemma 1.1 implies that, if G is (a, d)-DA, then d = 1. Conversely, let
V(@) ={z:1<i<2t4+13U{y;:1<i<6,1<j<t},
and
E(G) ={zizig1: 1 <1 <2t} U {zop120} U{WijYisrj, Yo jvny 0 1 <1 <5,1 < j <t}

Define a labeling ¢ : V(G) — {1,2,...,8t + 1} as follows. For j = 1,2, ... t, label the vertices
of tCg with

;

4t + 27, ifi=1,
8 —2j+2, ifi=2,
8 —4j+3, ifi=3,

;) =

e D T
2, ifi—>5
45— 1, ifi—6.

For:=1,2,...,2t + 1, label the vertices of C5;,1 with
0(2i) = 4f(2) — 3,

where f is a (¢t + 2,1)-DA labeling of Cy; 41 [1, Theorem 2.7]. To verify that ¢ is a bijection,
observe that

{Uyr;) :1<j<t}={at+2,4t+4, . 6t}
{0(yoy) : 1< j <t} ={6t+2,6t+4,..., 8},
(Uys,) 1 <j<t}={at+3,4t+7,... 8 -1}
{0(ys;) 1< j<t}={2t+2,2t+4,... 4},
{0(ys;) 1 <j<th={2,4,...,2t},
{lys;):1<j<t}={3,7,...,4t —1}.

Thus,
{ly;;) 1<i<6,1<j<t}={2,4,...,8}U{3,7,...,8—1}.

Since f : V(Cyy1) — {1,2,...,2t + 1} is a bijection, then

{0(z;): 1 <i<2t4+1} ={4f(z)—3:1<i<2t+1}={1,5,9,...,8t+ 1}.
Therefore,
{(z): 2 €eV(G)} ={2,4,...,8t}U{3,7,...,8—1}U{L,5,..., 8+ 1} ={1,2,...,8t+ 1},

and hence / is a bijection.
We now determine the weights of all vertices of tCgs. For j = 1,2,... ¢,

w(yr;) = ya;) + (ye;) = 8+ 25 + 1.
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Therefore,
{w(p,;):1<j<t}={8+3,8+5,...,10t+1}.

Analogously, the weights of the remaining vertices of tCy are given by

(yo;):1<j<t}={10t+ 3,10t +5,...,12t + 1},

(ysj) 1 <7<t} ={8t+4,8t+8,...,12t},
{w(ys;) 1 <j<t}={6t+3,6t+5,...,8t+1},

(ysj): 1 <j<t}={4t+3,4t+5,...,6t+ 1},

(o ) : 1 <j<t}={4t+4,4t+8,... 8t}

Foreach: =1,2,...,2t + 1, the weight of the vertex z; is
w(zz) = E(Zi_l) + Z(Zz’—&—l) == 4wf(21) - 6,

where w¢(z;) denotes the weight of z; under f. Since f is a (¢ + 2, 1)-DA labeling, then {w¢(z;) :
1<i<2+1}={t+2t+3,...,3t+2}. So,

{w(z): 1<i<2+1}={4t+2 4t+6, 4t + 10, ..., 12t + 2}.
Hence, ( is a (4t + 2, 1)-DA labeling of G. O

Figure 2 (a) shows the (8, 1)-DA labeling of C}3, whereas Figure 2 (b) shows the (26, 1)-DA
labeling of C'13 U 6C% based on Figure 2 (a).

P
N 4

Figure 2: (a). A (8,1)-DA labeling of C13. (b). A (26, 1)-DA labeling of C13 U 6C based on (a).

In Theorem 1.2, Ngurah and Simanjuntak [20] proved that C,, U Cj is (a,d)-DA iff n > 7 is
odd and d = 1. To prove Theorem 1.2, they considered several cases. We generalize this result
to m disjoint copies of C,, U Cs. We have attempted to obtain a simpler labeling for our result.
However, no such labeling has yet been found. Therefore, to prove Theorem 2.3 we consider the
same cases as in the proof of Theorem 1.2.
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For an odd integer m, let us consider the Kotzig matrix C = [¢;;] of order 3 x m given by

1 2 mol mid m—1 m
C=| mt3 m+5 Ly 1 m—1  m+l
2 2 2 2
m—1 m-—3 2 m 3 1
The matrix C satisfy
m+3 m—+25 3m+1
{Cl,j+02,j}:{Cl,j+03,j}:{02,j+03,j}={ SRR }

Theorem 2.3. For every integer m > 3 and n > 7, the graph G = m(C,, U Cy) is (a,d)-DA iff
d = 1 and both m and n are odd.

Proof. Lemma 1.1 implies that, if G is (a, d)-DA, then d = 1. Since G is (a,d)-DA, 6m + mn
must be odd, which implies that both m and n are odd. Conversely, let m and n be odd,

V(G)=A{z;:1<i<n,1<j<m}U{y;;:1<i<6,1<j<m},
and

E(G) ={zijzi+1j.2nj21: 1 <i<n—1,1<j<m}
UAYiiYir15: Yoy 0 1 < <51 <5 <mj.
Define a labeling ¢ : V(G) — {1,2,...,m(n + 6)} as follows:

Casel.n =1 (mod 4).
For each j = 1,2, ..., m, define the labels of the vertices in mCs by

sm(n —3) + ey, ifi =1,
Uy ;) = Lllm(?)n +5+2i) + Ci g ifi =2,4,6,
gm(n+i—2)+em;, ifi=3,5

The labels of the vertices in mC, are defined according to the following subcases.
Subcase 1.1. n = 1 (mod 8).

Forn =9 and foreach j = 1,2, ..., m, define
(m(14i — 14) +c1;, ifi=1,2,
m(42 — 10i) + co;, ifi=3,4,
U2 5) m(7i —34) 4+ ¢, ifi=5,6,
m(55 — 6i) + coj, ifi=17,8,
\4m~|—037j, ifi =9.

418
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Forn # 9 and foreach j = 1,2, ...

(

Ve

Subcase 1.2. n =5 (mod 8).

Foreachj =1,2,...

U(2i5) =

We first verify that ¢ is a bijection. For j = 1,2,. ..

,m, define
m(i— 1)+ a1y, ifi=1 (mod4),i#n—4,n,
m(3n +5) + ¢, ifi=n—4,
m2n+T7+14) +cpy, ifi=3 (mod4), i#£n—2
tm(n—1) + ¢y, ifi=n-—2
Im(n —T741) + cy, ifi=2 (mod8),i#n—7
sm(n—1) + ¢y, ifi=n—-7,
tmBn+17+14) + oy, ifi=4 (mod8), i#n—5
m(n +4) + ¢, ifi=n-2>,
m(n+1+1i)+ iy, ifi=6 (mod8),i#n—3
imn—=7)+ ey, ifi=n-—3,
tmBn+25+14) +coy, ifi=0 (mod8), i#n—1,n—
im(5n+11—z)+02j, ifi=n—-9n-1,
m(3n + 25) + ¢35, if i =n.
,m, define
(%Lm(z'—l)—i-cld, ifi=1 (mod4),i#n—4,n
tm(3n+5) + ey, ifi=n—4,
m2n+7+14) + ey, ifi=3 (mod4), i#n-—2,
m(n —1) + cay, ifi=n-—2,
m(n —7+1) + 1y, ifi=2 (mod 8),
tm(3n+25+1i) + ¢y, ifi=4 (mod8), i#n—1,
m(n +3) + ¢, ifi=n—1,
Im(n+1+1i)+ iy, ifi=6 (mod8),i#n—7
sm(n—1) + ¢y, ifi=n-7,
tm(3n+17+1i) + oy, ifi=0 (mod8), i#n—5
m(n+5) + ¢, ifi=n-—25,
\}lm 3n+21) + cs, ifi = n.
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,m, by the definition of C the six sets of
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labels of m('s are

M. H. Khulugq et al.

m(n mn—3 m(n —1
ylj :{ ( 9 )+27 y ( )}7

m3n+9 3n+9 m(3n + 13
y2] }: 7 ( )+27 ¥ 9

4 4

m(n m(n—+1 mn+3
y3]}:{ (2 )—|-2,...,¥}7

m( 3n+13 m(3n + 13) (3n + 17)
y4] = a—+27' )

4 4

mn+3 n—+3 m(n+5

?/5]} { ( )+277 ( >}7
(3n+ 17 m(3n + 17 m(3n + 21
{6(3/6])} {T) 1,%4—2,... %}
For n = 9, the nine sets of labels of mC'y are

{E(Zl,j)} = {1, 2, Ce ,m},

{l(z2;)} ={14m +1,14dm +2,...,15m},

{l(z5;)} ={12m+1,12m +2,...,13m},

{l(za)} ={2m+1,2m +2,...,3m},

{l(z)}={m+1,m+2,...,2m},

{l(z,;)} ={8m+1,8m+2,...,9m},

{l(z7;)} ={13m+1,13m +2,...,14m},

{l(zs;)} ={Tm+1,"m +2,...,8m},

{E(Zg’j)} = {4m + 1,4m + 2, ey 5m}
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Forn #9,n=1 (mod 8),and for j = 1,2,...

(

miil) |, mi-l) +2@}
(3n+5) +1, (3n+5) +2,. M } :
(2n+7+2) e (2n+7+z) 2. (2n—£11+i)} ,
min—l) | min= >+2 m(ers)}’
Mo Ts0 g motin o mtisio)
mn) | g min- )+2 m(r;+1>}’
{0(z;)} = (3n217+z) X 1’ (3ni17+1) yo... m(3nZ21+i)
{mn+4)+1,mn+4)+2,...,m(n+5)},
m(n+1+i) 41, m(n+1+i) 2. w ’
e 7)+1 min— )+2 it
(3nz25+z) + 17 (3nz25+z) +2,..., m(3nz29+i)
m(5n—£11—i) 41, m(5n—£11—i) Yo, m(5n—£15—i)
m(37;+25) +1, m(372+25) yo... w} 7

\

Forn =5 (mod 8)and j =1,2,...
(
m(i—1) m(ifl) m(i+3)
U 4, +2,...,me 1
(3n+5) +1, (3n+5) oy (3Z+9)}7

(2n+7+2) 11, (2n+7+z) 12 ..

4

4o mntd) } 7

m(n—341)

mn-1) | g min-
m(n 7+z) _|_1 m(n47+z) _{_2’“.’

(3n+25+z) m(3n+25+4)
e +1, : +2,...,

{0(zi5)} = <
{mn+3)+1,mn+3)+2,...,
m(n—l—l—l—i) +1, m(n—l—l—l—i) +2,..., m(nZS—i—i)

mn-1) | min-
(3n1—17+z) +1,

) +2,...,mot) } ’

(3n—£17+z) + 2’ o

{m(n+5)+1,mmn+5)+2,...,
{m(32+21) 41, m(31+21) 2, m(31+25)}

\

Y

m(2n+11+1)

a0}

m(3n+29+4) }
1

Y

3

m(n+4)},

m(3n+21+4) }
1

m(n +6)},

3

)l

Y

b

Y
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, m, the sets of labels of m(C), are

i=1 (mod4),i#n—4n,
1=n—4,

i=3 (mod4),i#n—2,
1=n—2,

i=2 (mod8),i#n—7
t=n—71,

i=4 (mod 8),i#n—5,

1 =mn—>,

i=6 (mod8),i#n—3
1=n—23,

i=0 (mod8),i#n—1,n—

1=n—9n—1,

7 =n.

, m, the sets of labels of m(C), are

i=1 (mod4),i#n—4n,
1=n—4,

i=3 (mod4),i#n—2,
1=n—2,

i=2 (mod 8),

i=4 (mod8),i#n—1,
1=mn-—1,

i=6 (mod8),i#n—7
t=n—71,

i=0 (mod 8),i#n— 5,
1=mn—2>5,

1 =n.

The n sets of labels of m(C;, together with the six sets of labels of mCs form exactly n + 6 pairwise
disjoint sets and each consisting of m consecutive labels. Hence, there are m(n + 6) distinct labels
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in total. Since the smallest label is 1 and the largest is m(n + 6), it follows that

{{(z) 2 € V(G)} ={1,2,...,m(n+6)}.

Therefore, ¢ is a bijection.

We now determine the weights of the vertices of G. For j = 1,2,...,m, the weights of the

vertices of mCy are

(m((16 —i)n + 78 — 13i)

10 + CLj + Cg,j, = ]_, 6,
m(i(n + 13) — 28
w(yi,j) = ( ( 5 ) ) +c1; + co, = 2, 3,
m((2 —2)n+ 117 — 40
(( ) ) -+ Cg,j —+ C3’j, 7= 4, 5

\ 2

By the pair-sum property of C, for j = 1,2,...,m, the six sets of weights of mCj are

m(3n+14) +3 m(3n+14) +5 m(3n+16) + 1
{wyry)} = ’ RRRE! )
2 2 2
m(2n—1)+3 m(2n—1)+5 m(2n+1)+1
{w(y2;)} = , RERE 5
2 2 2
m(3n+12) +3 m(3n+12) +5 m(3n+14) + 1
{w(y37j)} = ) ) )
2 2 2
m(2n+5)+3 m(2n+5)+5 m@2n+7)+1
{w(y47j)} = ) PRI )
2 2 2
m(3n+16) +3 m(3n+16) +5 m(3n +18) +1
{w(ys;)} = , R )
2 2 2
m2n+1)+3 m@2n+1)+5 m(2n+3) +1
{w(y&j)} = y go ey .
2 2 2
For n =9, the weights of the vertices of mC,, are
(18m+61,j—|—037j, 1= 1,
, + 22
M + ch + Cg’j, 7= 2,4, 6,
m(67 —1¢
w(zi,]) g + C1,j + C2.5, 1 = 3, 7,
95 — 3t
w + Cl,j + CQ’]', 1 = 5, 9,
\17m+62,j +037j, 1= ,
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and the sets of weights of mC), are

3Tm+3 3Tm+5 39m + 1
5 SRR 5
2bm+3 2bm+5 2Tm + 1
5 SRR 5
33m+3 33m+5 35m + 1
S SRR 5
2Tm+3 2Tm +5 29m + 1
SR SRR 5

{ }
{ i
{ }
{ }
{w(z5,)} = {2177’;—1-372172—1—57“.’2377’;—1-1}
{ }
{ i
{ |
{ |

29m + 3 29m + 5 3lm+1
5 5 5
3lm+3 31m+5 33m + 1
5 BRI 5
3dm+3 3dm+5 3Tm + 1
5 BRI 5
15m+3 15m+5 17m +1
S SRR 5
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Forn #9,n =1 (mod 8), the weights of the vertices of mC,, are

w(z;) =

(m(n + 5) + cl,j + Cg}j,

m(n —|— ].) + 617]‘ + CQJ‘,
m(3n —1)
2
m(n+6) + co; + ¢35,

m(n+3) +c1; + 2,

+ 1+ Cas

mod 4),7# 1,n — 8 n —4,n,

( )

i=3 (mod8),i#n—6,
(mod 8),7#n—10,n — 2,
( )

1=0 (mod?2),i#n—5n—3n—1,
1 =n— 10,

1 =n—38,

1=n—06,

1=mn—2>5,

1=n—4,

1=n-—3,

1=n—2,

i=n—1,

1 =n,
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and the sets of weights of mC), are

{w(zij)} =

(

J

m(2n+11)4+3 m(2n+11)+5 m(2n+13)+1
2 ’ 2 Yt 2 )
m(2n+i+10)+3 m(2n+i+10)+5 m(2n+i+12)+1
5 , 5 R T

Y

m(2n+i+6)+3 m(2n+i+6)+5 m(2n+i+8)+1

3 , B RN D)
m(2n+i+14)+3 m(2n+i+14)+5 m(2n+i+16)+1

) , 5 R B

m(n+i+4)+3 m(nti+d)+5 m(n+i+6)+1

P) ) P} VI p) )
m(3n+6)+3 m(3n+6)+5 m(3n+8)+1

2 ) 2 Yty 2 )
m(3n+10)+3 m(3n+10)+5 m(3n+12)+1

2 ) 2 Yty 2 )
m(3n+8)+3 m(3n+8)+5 m(3n+10)+1

2 ) 2 ) 2 )
m(3n+4)+3 m(3n+4)+5 m(3n+6)+1

2 ) 2 Yty 2 )
m(3n+2)+3 m(3n+2)+5 m(3n+4)+1

2 ’ 2 R 2 )
m(2n+3)+3 m(2n+3)+5 m(2n+5)+1

2 ) 2 ) 2 )
m(3n)+3 m(3n)+5 m(3n+2)+1

P} ) 2 )t 2 )

m(2n+13)+3 m(2n+13)+5 m(2n+15)+1

2 ) 2 Yty 2 )

m(2n+7)+3 m(2n+7)+5
2 2

Y A ?

m(2n+9)+1 }
2
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1 =1,

i=1 (mod 4),
1#£1,n—8n—4,n,
i=3 (mod8),i#n—6,

i=7 (mod 8),
i#n—10,n— 2,
i=0 (mod 2),

1#n—5n—3n—1,
1 =mn— 10,

1=n—28,
1=mn—0,
1=mn—2>5,
1=n—4,
1=n—3,
1=n-—2,
i=n—1,
1 =n.
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Forn =5 (mod 8), the weights of the vertices of mC, are

w(zi ) =

(m(n+4) +cij +csy,

and the sets of weights of mC,, are

{w(zij)} =

7

m(2n+9)+3 m(2n+9)+5

i=1,

2 , 3 e 3
m(2n+i+6)+3 m(2n+i+8)+1

2 P 2 I
m(2n+i+10)+3 m(2n+i+12)+1

2 )ty 2 ’
m(2n+i+14)+3 m(2n+i+16)+1

2 )ty 2 )
m(n+i+4)+3 m(n+i+4)+5 m(n+i+6)-+1

5 , 3 R R

m(3n+8)+3 m(3n+8)+5

m(2n+11)+1 }

m(3n+10)+1 }

) , D) ey 5
m(3n+10)+3 m(3n+10)+5 m(3n+12)+1
3 , 5 ey 3
m(3n+4)+3 m(3n+4)+5 m(3n+6)+1

2 ) 2 RIIR) 2 )
m(3n+6)+3 m(3n+6)+5 m(3n+8)+1

2 ) p) VIR P} )
m(2n+3)4+3 m(2n+3)+5 m(2n+5)+1

2 ) 2 )t 2 ’
m(3n+2)+3 m(3n+2)+5 m(3n+4)+1

2 ) 2 RIRIR) 2 )
m(2n+11)4+3 m(2n+11)+5 m(2n+13)+1

5 , 3 sy 5
m(2n+7)4+3 m(2n+7)+5 m(2n+9)+1

B} 5 2 gee ey

2
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3

m(2n + i+ 5) ,
f—i_cl,j_{—clja =1
m(2n +1+9) :
f—i—cm—i—c%, 1 =3
m(2n + 1+ 13)

—|—Cl7j+62], 1=5
min
%—FCLJ'—FCQ], 1 =0
m(3n +7) ,
T—l—cw—i—cz], 1=mn—2_§,
m(3n +9)

5 + ¢y + o, 1=mn—0,
m(3n +3)

9 +Cl,]—|—62], z:n—5,
m(3n +5)

9 +CLJ+CQJ, 2:n—4,
m(n+1)+ci; + cay, 1=n-—3,
m(3n + 1)

T+cl7j+02,j7 Z:TL—2,
m<n+5)+627]’+63’j, i=n—1,
m(n + 3) + C1,j + C2.5, L=n,

Y

b

)

3

mod 8

(
(
(
(

#1,n—

mod 4),7#n —6,n — 2,

mod 8),7 # n — 8,n,

)i
)
)i
);

mod 2),2#n—5n—3,n—1,

1=1,

i=1 (mod8),i#1,n—
i=3 (mod4),i 7én—6n
i=5 (mod8),i#n—28,n,
i=0 (mod2),i#n—5n-—
1=n—28,

1 =n—0,

1=mn—2>5,

1=n—4,

1=n—3,

1=n—2,

1=n—1,

i =n.

2,

3,n —

L,
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The n sets of vertex weights of mC), together with the six sets of vertex weights of mCjs form
exactly n + 6 pairwise disjoint sets and each consisting of m consecutive integers with the smallest

and largest vertex weights are, respectively,

m(n+6) + 3
2

Hence, forn =1 (mod 4),

(n+6)+3 mn+6)+5

and

m(3n+ 18) + 1
5 .

m(3n+18) +1

{w(x):xEV(G)}:{m 5 ,

Case 2. n =3 (mod 4).

5 ey

For each j = 1,2, ..., m, define the labels of the vertices in mCs by

Imn+i—2)+ci
Uy ;) = {2 2

it

ifi=1,3,5,

Im(3n 434 2i) + cij ifi=2,46.

For each j = 1,2, ..., m, define the labels of the vertices in mC), by

~

L i i [ e e e e L

m(i — 1)+ ¢,
m(2n + 11 +14) + ca 5,
m(3n +19) + ¢z,
U(zi;) =  Tm(3n + 23) + c2,
m(n—141)+ ¢,
m(n +5) + cs,

(

m(3n + 23 + 1) + coj,

Ve

Next, we show that ¢ is a bijection. By the definition of C, for j = 1,2, ..

ifi=1 (mod4),
ifi=3 (mod 4),
ifi=n—4,

if 1 = n,

ifi=2 (mod 4),
ifi=n-—1,
ifi=0 (mod4).

i#n—4,n,

i#£n—1,

., m, the six sets of labels

of mCy are

)= {m(n2— L, m<n2_ Dy M} |
O e
{ys )} = {m(n; D 1, m(”2+ 1) fo w} |
(g = {1y e 11) i e 1))
)} = {m(n; 2 m<n2+ T M} |

m3n +15) | m3n+ 15) m(3n + 19)
Hlan)} = {TJFLT#—Z...,T}
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The sets of labels of m(C, are

( . ; i
m(’l*l) + 17 m(lfl) + 27 R @} , 7, = 1 (HlOd 4)7
mEnlltd) g m@nidld) 4 oo om@nisE) LG =3 (mod 4),i £ n — 4,7,
ML) 4 g mGndld) 4 g mGne2) | i=n—4,

{(zig)} = { {2 o, mOni28) o mloniaD) i=n,
m(n;l-l-i)+17m(n21+i)+27'._’W}’ i=2 (mod4),i#n—1,
m(7;+5)+1’m(7;+5)+2"”7w}7 1=n-—1,
m(3n+23+1 m(3n+23+1 m(3n+27+1 L

\ ( . i) 4, : +)+27,”,%}, i=0 (mod 4).

By similar arguments as in the Case 1, it follows that
{l(z) 2z e V(G)}={1,2,...,m(n+6)}.

Therefore, ¢ is a bijection.
The sets of weights of mCj are

[ m@Bn+12) +3 m(3n+12) +5 m(3n+14) + 1
{w(yld)}_ { 2 ) 2 Yt 92 )
_m@2n+1)+3 m2n+1)+5 m(2n+3) +1
{w(yZ,J)}_ { 9 ) 2 P 9 3
_[m(3n+10) +3 m(3n+10) +5 m(3n+12) +1
(ol = { PO IOE MEnLIO LB | mEn DL
_[m(2n+5)+3 m(2n+5)+5 m@2n+7)+1
(i = { M2 OIS mEnT DL
_[mBn+14)+3 m(Bn+14) +5 m(3n +16) + 1
fulye,)} - { IS MO S| mEn IO,
~m@2n+3)+3 m(2n+3)+5 m(2n +5) +1
(i, = { 2L OIS mEna DY
The sets of weights of mC,, are
({mentiviaes  mentin) L = (mod 2),i £ n — 2,n,
m("+g+6)+3, o m(nH;S)H , i=0 (mod2),i#n—5mn-—3n-—1,
N — m(n+i+12)+3 m(n+i+14)+1 S _ i
{w(z;)} 5 e 5 , i=n-5n-—3n-—1,
m(3n+16)+3 m(3n+18)+1} i—n—9
2 ) P} ) )
m(n+6)+3 m(n+6)+5 m(n+8)+1 .
\ e, R T} , i=mn.
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By the similar argument as in the Case 1, it follows that

{w(x):x€V(G)}:{m(n+6)+3 m(n+6)+5 m(3n+18)—|—1}.

5 , 5 ey 5

Hence, ¢ is a (w, 1)-DA labeling of G. O

Figure 3 illustrates the labeling constructed in the proof of Theorem 2.3 for the graph 3(C; U
Cs). In this case, we use the Kotzig matrix

24 52 26

! 3 54 30,
5 37 6 38 17 27 8 25 16 26

Figure 3: A (21, 1)-DA labeling of 3(C7 U Cs).

The following theorem characterize (a, d)-DA labeling of mC), U £ (mn — 1)Cg for all integers
m,n > 3.

Theorem 2.4. For all integers m,n > 3, the graph G = mC,, U 3(mn — 1)Cs is (a,d)-DA iff
d = 1 and both m and n are odd.

Proof. Lemma 1.1 implies that, if G is (a, d)-DA, then d = 1. Since 1(mn — 1) is an integer for
all integers m,n > 3, mn — 1 is even which implies m and n are odd. Conversely, let m and n be
odd,

1
V(G):{zm»:1§z’§n,1§j§m}u{yi,j:1§i§6,1§j§E(mn—l)},

and
E(G) :{Zi,jzi+1,j72n,jzl,j 01 S 1 S n — 1, 1 S ] S m}

(n = 1)}.

N | —

U {yi,jyi+1,j>y6,jy1,j 1<0<5,1<5<
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Define a labeling ¢ : V(G) — {1,2,...,4mn — 3} as follows. For j = 1,2,..., 1(mn — 1), label
each vertex of 3 (mn — 1)Cs with

(25, ifi=1,
47 — 1, if 1 =2,
2mn — 2+ 235, if1 =3,
dmn — 25 — 2, ifi =4,
dmn — 45 — 1, ifi =05,
 2mn — 27, if 2 = 6.

Uyig) =

Fori=1,2,...,nand j = 1,2,...,m, define

dmf(z) —4m —3+4c;;, ifi=1,2 (mod4), i#n—1 andn=3 (mod 4),
(o) = dmf(z) —4m —3 +4c;;, ifi=1,2 (mod4), i#n,andn=1 (mod4),
" Amf(z) —4m — 3+ 4cy;, ifi=0,3 (mod 4),
dmf(z) —4dm —3+4cs;, ifi=n—1,n=3 (mod4), ori=nn=1 (mod4).

where ¢ j, c2 5, c3 ; are entries of C, and f is a ("T%, 1)-DA labeling of C), [1, Theorem 2.7].
The bijectivity of ¢ is verified by the same argument as in the proof of Theorem 2.2. From the
definition of ¢, we have

{E(ym) <)< %(mn— 1)} (24— 1Y,
{e(yzj) << %(mn— 1)} ~ (3.7, 2mn — 3},
{ttm, 1 <5 < G = 0 = a3 - 3,
{g(y&j) << %(mn— 1)} — (3mn—1,....4mn— 4},
{g(yw) 1<j< %(mn— 1)} — 2mn+1,..., dmn—5),
{e(y&j) 1<j< %(mn— 1)} — {mn+ 1, 2mn — 2},

For every fixed 7, by the definition of C,
{0(zi;):1<j<m}={4mf(z) —4m —3+4j:1<j<m}.
Since f : V(C,) — {1,2,...,n} is a bijection, we have

{l(z;;):1<i<n, 1<j<m}={1,59,...,4mn — 3}.
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Consequently,

{{(z): 2 € V(G)} ={1,5,...,4mn — 3} U{2,4,...,4mn —4} U{3,7,...,4mn — 5}

={1,2,...,4mn — 3}.

Hence, / is a bijection

For j =1,2,...,3(mn — 1), the vertex weights of 1(mn — 1)Cj are
{w(y1;)} ={2mn+1, 2mn+3, ..., 3mn — 2},
{w(y2,;)} = {2mn+2, 2mn +6, ..., 4mn — 4},
{w(ys;))} ={dmn -1, dmn + 1, ..., dmn — 4},
{w(ys;)} = {dmn —2, bmn, .. 6mn — 5},
{w(ys;)} = {4mn, 4mn +4, ..., 6mn — 6}, and
{w(ys;)} = {3mn, 3mn +2, ..., 4mn — 3}.

2,.

Fori:=1,2,...,nand j = 1,2, m, the vertex weights of z; ; are given by

dmwye(z;) —2m —4eyj, ifi=n—-2,n=3 (mod4),ori=n—1n=1 (mod4),
w(z5) = § dmwys(z;) —2m — 4egy, ifi=n,n=3 (mod4),ori=1,n=1 (mod4),

dmuwy(z;) —2m — 4cz;, otherwise,

where wy(z;) denotes the weight of z; under f.
Since fisa (7LT+3, 1)-DA labeling [1, Theorem 2.7], thenfori = 1,2,... ,nandj = 1,2,...,m,
the vertex weights of m(C), are

{w(z;)} = {2mn,2mn +4,...,6mn — 4}.
Hence, ¢ is an (2mn, 1)-DA labeling of G. O

Figure 4 (a) is a (4, 1)-DA labeling of C5 and Figure 4 (b) illustrates the (30, 1)-DA labeling of
3C'5 U 7C¢ based on Figure 4 (a).

Next, we investigate an (a, d)-DA labeling of 2-regular graphs whose components are cycles
of three different lengths. In particular, we focus on C'o UmC's U tCg. To prove this result, we use
the shifting Kotzig matrix D = [d; ;] of order 3 x (2r + 1) whose row entries are permutations of
{—=r—1,...,r+ 1} suchthatd, ; # —r—land 1,d,; # 0O and —1, and ds ; # r + 1 and 0, and
each column has sum 0. Such a matrix D can be found in [17, Lemma 7]. For » = 4, the matrix D
is given as follows:

-4 -3 -2 -1 0 2 3 4 5
D=|1 2 5 -3 4 3 -5 -2 -4
3 1 -3 4 -4 -5 2 =2 -1

By the definition of D [17, Lemma 7], we obtain

{d1’j+d2’j}:{_7"7_7’4‘1,---,_2,_1,172,---,T+1},
{d27j+d37j} = {—T—1,...,—2,0,1,2,...,7"}, and
{ds; +dy;} ={—r—1,...,—2,—-1,2.3,...,r+1}.
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66 g
53 3 57 7 49, 32
46 34 (,1“
86 58 83,
45 3 37 25 41 52
6 1 8 15 10 27
35 4 37 44 39 5
5 2 24 34 2% 36 2 38 1 40 16 42
D ] )
53 oy 51 65" 49 6;’ %'47 oo "45 7
6 81 2 79, 68 77, 4 75 0 73
4 3 47 52 43 5 3 48 35 46 31 44

(a) (b)

Figure 4: (a). A (4,1)-DA labeling of Cj. (b). A (30, 1)-DA labeling of 3C5 U 7C§ based on (a).

Theorem 2.5. For every integer m,t > 1, the graph G = C1o U mC3 U tCy is (a,d)-DA iff d = 1
and m is odd.

Proof. Lemma 1.1 implies that, if G is (a, d)-DA, then d = 1. Since G is (a, d)-DA, 6t + 10 + 3m
must be odd, which implies that m is odd. Conversely, let m = 2s+-1 for some nonnegative integer
s. Define GG as a graph with

V(G) :{Zz' 01 SZS 1O}U{I1,j,$2’j,l’37]‘ o1 S] S 2S+1}U{yl’] 01 §Z§6,1 S]St},
and
E(G) :{Zizi+1a 21071 - 1 S 1 S 9} U {xl,ij,ja$27j$3,j7x3,jl'1,j o1 S] S 2s + ]_}
U{¥i¥i+15 Y691, 0 1 <0< 5,1 < j <t}

FOI'j = ]., 2, R let }/2j—1 = {ij, Y355 y5,j} and }/2]' = {y27j7 Ya.5, y(j’j}. FOI'j = 17 2, ce ey 2s+1,
let Y, ; = {21,725, 23;}. Clearly, the sets Y1,Y5,..., Yauys41 and {z; : 1 < i < 10} form a
partition of V(G). Let r = t + s and consider the matrix D = [d,;] of order 3 x (27 + 1). To show
that G is (a, d)-DA, we consider the following cases.

Casel.r = 1.
If r = 1, then (¢, s) = (1,0). Label the graph Cy U C3 U Cg by

(19,17,9,14,8,10,18,4,6,1), (16,13, 3), (15,21,5,11,7,2).

This labeling is an (11, 1)-DA labeling of G.

Case 2. r = 2.
If r = 2, then (¢,s) = (1,1) or (¢,s) = (2,0). For (¢,s) = (1, 1), label the graph Cy U 3C5 U Cg
by

(25,21,10,8,20,9,1,19,13,5), (24,7, 12), (23,4, 11), (22, 3, 15), (18, 17, 14, 16,2, 6).
For (t,s) = (2,0), label the graph C}, U C3 U 2Cg by

(25,21,10,8,20,9,1,19,13,5), (24,7,12), (23,22, 4, 3,11, 15), (18,17, 14, 16, 2, 6).
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These labelings are a (14, 1)-DA labelings of Cy U 3C3 U Cg and Cyo U C3 U 2C§, respectively.
Case 3. r > 3.
Consider a matrix D* = [d} ;] of order 3 x (2r + 1) defined by

dy; =3r+7+dy;, and

where j =1,2,...,2r + 1.
Define a labeling ¢ : V(G) — {1,2,...,6r 4+ 13} as follows.

U(z1) =3r+7,0(2z) =7 +2,0(2z3) = 6r+13,0(24) = 5r 4+ 12,4(25) = 2r + 5,
U(zg) =2r +4,0(27) = 2r + 3,0(25) = 3r + 6,0(z9) = 4r + 10, and ¢(z10) = 47 + 9.
Next, label the vertices of (2s + 1)C3 U tCy as follows:
(Y;) =di,, 1<j<2r+1,

where ¢ is any permutation of {1,2,...,2r + 1} and d;; is the o(7)-th column of D*. Since o
is a permutation of {1,2,...,2r 4+ 1}, every column of D* is assigned to exactly one of the sets

}/17}/27 s 7}/27“—1—1-
We first verify that £ is a bijection. From the definitons of d; ;, we have
{di; 1< <2r+1}={1,2,...,2r + 2} \ {r + 2},
{d5; 1 <j<2r+1} ={2r+6,2r +7,...,4r + 8} \ {3r + 6,3r + 7},
{dy; 1< <2r+1} ={4r+11,4r +12,...,6r + 12} \ {57 + 12}.
These three sets are pairwise disjoint, and each has cardinality 2r 4 1. Thus,
{0z ) }O{l(yi;)} =4{1,2,...,6r + 13} \ {{(%) : 1 <i <10},

> {l(z) 2 €V (G)} ={1,2,...,6r +13}.

Hence, / is a bijection.
The weights of the vertices of (', are given by

{4r + 8,51 + 10,57 + 11, 6r + 13, 6r + 14, 7r + 15, 7r + 16, Tr + 17, 8 + 18,97 + 20}
Forj =1,2,...,2s+ 1, the sets of weights of (2s + 1)C5 are
{w(wy), wlwe;), w(ws;)} = {lway) + Uwsy), U(ws5) + (Y1), L(@1;) + y2,5)}-
For j = 1,2,...,t, the sets of weights of tCy are

{w(y2), wYag), wyes)} = {(yr;) + LYz 3), £(ysz) + L(ys.5), €(ys.5) + L(y15)},
{wyry), wys), wys )} = {€(yas) + L(Ye,5)s L(y2,5) + €(Yaz) L(yaz) + (ys5) }-
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Consequently,
2r+1
{w(ei)y U{wlyiy)y = \JAdi; + sy s+ ds s+ di )
j=1

Since

(5, 4+, 1< j <2+ 1} ={Tr+18,7r +19,...,8r + 17} U {8r + 19,8 + 20,...,9r + 19},
{ds; +di; 1 <j<2r+1} ={5r + 12,50 +13,...,6r + 12} U {6r + 15,67 + 16,...,7r + 14},
{di;+dy; 1 <j<2r+1}={3r+83r+9,....4r+7}U{dr +9,4r +10,...,5r + 9},

then, all vertex weights are distinct and

6 13)+3 (6 13)+5 6 13) + 3+ 2(6 12
{w(m):xGV(G’)}:{(r+ )3 Er+13)+5  (Gr+13)+3+2(6r + )}
2 2 2
={3r+8,3r+9,...,9r +20}.

Hence, ( is a (3r + 8, 1)-DA labeling of G.
]

As an example, Figure 5 shows the labeling of 'y U 3C5 U 3Cs. In this case, m = 3, s = 1,
t=3,r=4,and
1 2 3 4 5 7 8 9 10
D= (20 21 24 16 23 22 14 17 15
35 33 29 36 28 27 34 30 31

8 9
9 3),then

(V1) = dy, £(Y2) = d5, £(Y3) = dg, £(Ys) = d7, £(Y5) = dg,

1

- o 29345 6
weseto =14 5 6 7 8 9

—_ =

((Ys) = d3, £(Y7) = 5, ((Yi) = 5, and ((Y) = d,

. 3 4 57 8 9 10
33 20 42 29 41 2
3 0 33 21 29 4

o ¢ % 7% ¢ s s ¢

51 5 3 50 i 40 28 54 2 39 25
45 o 37 By 2 51 52 48 49 46 47
25 26 18 11 12 36 23 27 4 30 15

Figure 5: A (20, 1)-DA labeling of C1o U 3C5 U 3C.
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3. Conclusion

In this paper, we have given necessary and sufficent conditions for the 2-regular graphs C,, UtCg
where n € {5,7,9,11} and ¢t > 2, Cy,1 U tCs where t > 6, m(C,, U C) for odd m and n,
mC,, U %(mn — 1)C§ for odd integers m,n > 3, and Cg U mC3 U tCg for odd m and t > 1 to be
(a,d)-DA. Related to these results, we propose two open problems as follows:

1. Find an (a, 1)-DA labeling of C,, U tCj for ¢t > 2 and odd n > 13.
2. Find an (a, 1)-DA labeling of mC,, U tCg for ¢t > 1 and odd integers m > 1 andn > 7.
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