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Abstract

The outer multiset dimension of graph G, dim,,s(G), is the cardinality of the smallest subset S
of vertices that uniquely recognizes each vertex outside S using the multiset of distances between
the vertex and the vertices in .S. This paper considers the outer multiset dimensions of both the
corona product and the extended corona product of a connected graph with one of the following: a
complete graph, the complement of a complete graph, or a star.
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1. Introduction

The process of identifying vertices in a graph based on their unique structural characteris-
tics, known as distinguishability or resolvability, has several practical applications. In computer
networks, nodes can be located using structural features rather than explicit identifiers; in social
networks, this idea helps analyze an individual’s position or role relative to others with similar
connections. Moreover, even simple structural properties, such as the degree of a vertex or the
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pattern formed by its neighbors, have been effectively used to re-identify users who were assumed
to be anonymous in social graphs.

In graph theory, metric dimension provides a mathematical framework for measuring vertex
distinguishability. It is based on choosing a specific set of reference vertices, called a resolving
set, so that every vertex in the graph can be uniquely identified by its distances to these references.
This concept plays a significant role in combinatorics as it helps to understand the structural rela-
tionships and symmetries of graphs. Furthermore, studies on the metric dimension have important
applications in various fields, including network design, robot navigation, and information retrieval
[2], where it is essential to determine unique positions or roles based on structural properties.

Slater [11] (1975) and Harary and Melter [5] (1976) independently introduced the study of
metric dimension, defining a resolving set as a set of vertices that uniquely identifies vertices in
a graph using distance information. Since then, metric dimension has been widely investigated
across various classes of graphs. Let G = (V| E') be a simple connected graph of order n(G) and
diameter diam(G). Given an ordered set of vertices S = {wy,...,w;} C V(G), the metric repre-
sentation of a vertex v € V' with respect to S is the t-vectors 7(u|S) = (dg(u, wy), . .., dg(u, wy)).
If every two vertices u and w have different metric representations, i.e., r(u|S) # r(w|S), then S
is a resolving set. The metric dimension of G, dim(G), is the cardinality of the smallest resolving
set.

When we weaken the requirement that the resolving set be ordered, we obtain the concept of
multiset dimension. For S = {wy, ..., w;} C V(G), the multiset representation of u € V(G) with
respect to S is the multiset m(u|S) = {dg(u,w),...,de(u,w;)}. A set S such that two vertices
of (G have different multiset representations is called a multiset resolving set. If G' has a multiset
resolving set, then the multiset dimension of G, md(G), is the cardinality of the smallest multiset
resolving set; otherwise, G has an infinite multiset dimension [1, 10]. To avoid the problem of the
infiniteness of the multiset version of metric dimension, the outer version of multiset resolving sets
was introduced. A set S such that two vertices outside of .S have different multiset representations
is called an outer multiset resolving set. The cardinality of the smallest outer multiset resolving set
is called the outer multiset dimension of G, denoted as dim,,s(G) [4]. It is obvious that for any
connected simple graph G, 1 < dim,,,s(G) < n(G) — 1. The only graphs that achieve the bounds
are listed in the following two theorems.

Theorem 1.1. [4] A graph G satisfies dim,,s(G) = 1 if and only if it is a path graph.

Theorem 1.2. [6] A graph G satisfies dim,,s(G) = n(G) — 1 if and only if G is regular with
diam(G) < 2.

As a result of Theorem 1.2, the outer multiset dimensions of non-regular graphs, or regular
graphs with large diameter, remain largely unknown. In [9], we study the outer multiset dimensions
of non-regular graphs of diameter 2 obtained from the join product. In this paper, we consider
graphs with larger diameter obtained from both the corona and extended corona products.

In Section 2, we consider the outer multiset dimensions of the corona product with complete
graphs, complements of complete graphs, and stars. Furthermore, the outer multiset dimensions
of the extended corona product with complete graphs, the complement of complete graphs, and
stars are considered in Section 3. The definitions of corona and the extended corona product are
presented below.
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Definition 1. /3] Let G be a graph with n vertices and let H be a graph. The corona product of G
and H, denoted by G ® H, is defined as the graph obtained by taking one copy of G and n copies
of H, and then joining the i-th vertex of G with an edge to every vertex in the i-th copy of H.

For example, the corona product of C5 and K can be seen in Figure 1.

rAA

Figure 1. The corona product Cs ® Ko

Definition 2. [8] Let V(G) = {v1,vq,...,v,} be an ordered vertex set of a graph G and H =
{H; | 1 < i < n} be an ordered collection of graphs. Note that H; can be an empty graph. We
define the extended corona product of G with H, G ® H, as a graph derived from joining each
vertex v; to all vertices in H; (1 <1 <n).

The extended corona product is a generalization of the corona product, in the sense that if
H={H;| H; = H,1 <i < n}, the extended corona product G ® # is isomorphic to the original
corona product G ® H. In addition, we denote the vertex set of G ® H as follows. For H; € H, let
V(H)={u; |1<j<n}andV(GOH)=V(G)U{up; |1 <k<n, 1<j<n}

For example, Figure 2 illustrates C,, ® Hoo, Where Hoo = {K1, K>, ..., K, }, and P, ® He,
where He = {0, Ky, K3, ..., K,}.

. N >£

Figure 2. (a) The extended corona product C,, ®{K;|1 < i < n} and (b) The extended corona product P,, ®{0, K;|2 <
i <n}

In the rest of the paper, we use the following terminology and notation. For a positive integer
k,[k] = {1,...,k}. If an element d appears k times in a multiset, we may abbreviate it to d*. For
example, {1,1,1,2,5,5} = {13,2,5%}.
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The eccentricity of v, ecc(v), is the largest distance between v and all other vertices in G.
A vertex u in G is said to be diametral if there exists a vertex v € V(G) such that dg(u,v) =
diam(G). We also say that v is a vertex diametral to u. For any vertex u of G, the set Ng(u) =
{v € V(G)|luv € E(G)} is called the open neighbourhood of the vertex u in G and Ng[u] =
Ne(u) |J{u} is called the closed neighbourhood of u in G. The degree of a vertex u is |[Ng(u)].
Two vertices u and v of G are true twins if Ng[u] = Ng[v] and false twins if Ng(u) = Ng(v). In
general, v and v are called twins if they are true or false twins. The existence of twins is important
for determining the outer multiset resolving set, as shown below.

Proposition 1.1. [4] Let G be a nontrivial graph, and S C V(G) be an outer multiset resolving
set of G. If u and v are a pair of twin vertices, then u € S orv € S.

A property of graphs that will be frequently used in the following sections is multiset distance
irregular.

Definition 3. [6] A graph G is multiset distance irregular if for every two vertices u,v € V(QG),
the multisets mq(u|V (G)) and mq(v|V (Q)) are different.

An example of a multiset distance irregular graph is presented in Figure 3.

{0,12,24,3'}  {0,1%,2%,3"} {0,1%, 2% 3% 4}
.

8

v 2 'h ®
{0,14,22,3%,4%} {0,13,22,37} {0.1%,24,} {0,1%.2°.3'} {0,122 3% 4}

Figure 3. A multiset distance irregular graph.

2. Outer Multiset Dimension of Corona Product Graphs

In this section, we examine the corona product of an arbitrary connected graph with a com-

plete graph, its complement, or a star. We use the following lemma to prove the lower bounds in
Theorems 2.1 and 2.6.

Lemma 2.1. Let G be a connected graph and H € {Ky, K, Sy}. Let S C V(G ® H) such that
SOAV(G) = 0. Let g;,g; € V(G) where m(g;|V(G)) # m(g;|V(G)). If one of the conditions
below holds, then m(g;|S) # m(g;|9).

1. H € {Ky, K.}, k > 2and S consists of k — 1 vertices from each copy of H.
2. H= S,k >3andS consists of k — 2 leaves from each copy of H.
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Proof. Fori € {1,...,n}andt € {0,1,...,diam(G)}, let r;(t) be the number of vertices at a
distance ¢t from g; € V(G). Since m(g;|V(G)) # m(g;|V(G)), there exists ¢ such that r;(¢) #
r;(t). Let g, € V(G) where d¢(gi, g.) = t. In G ® H, every path from g; to a vertex of H, passes
through g,. So, if z € V(H,), then d(x, ¢;) = d(gi, ga) + 1 =t + 1. Now, we consider two cases.

Case 1: H € {K}, K.}, k > 2.

Since S consists of k& — 1 vertices from each copy of H, we have m(g;|S) = {...,(t +
@G0 Yand m(g;|S) = {..., (t+1)OE=D Y However, r;(t) # 7;(t), so m(g;|S) #
mig;19).

Case2: H = S,k > 3.

Since S consists of k — 2 leaves from each copy of H, we have m(g;|S) = {...,(¢

m(g;|9)-

2.1. Outer Multiset Dimension of Corona Product with a Complete Graph or Its Complement

We start by providing a sharp lower bound on the outer multiset dimension of the corona
product of an arbitrary connected graph with a complete graph or its complement.

Theorem 2.1. For n > 2 and k > 2, if G is a connected graph of order n and H € {K},, K},
then
dimy,s(G® H) > n(k —1).

Moreover, dim,,,s(G © H) = n(k — 1) if and only if G is multiset distance irregular.

Proof. Let V(G) ={g1,.... 9}, V(H) ={h1,..., i} and V(GO H) = {g1,-- -, Gns P11, - - -,
Pig,--oyhna,-. . hng}, where h;; is the jth vertex in H;, 1 < i < n,1 < j < k. Clearly,
forany 1 < i < n,1 < j1,j0 < k, h;;, and h;j, are twins. By Proposition 1.1, every outer
multiset resolving set of G ©® H must contain at least one of h;;, and h; j,. Inductively, every
outer multiset resolving set of G ® H contains at least (k — 1) vertices of H;, 1 < i < n. Thus,
dimp,s(G© H) > n(k —1).

For the second part of the theorem, let GG be a multiset distance irregular graph. We shall prove
that dim,,s(G ® H) < n(k — 1) by showing that S = {hq 1, ..., hig-1,h21,- .., o1, ., hn1,

.+, hnk—1} is an outer multiset resolving set.

First, we show that for 1 < 7,5 < n, m(g;|S) # m(h;x|S). When H = K}, 2 € m(g;|5), but
2 ¢ m(hjx|S). When H = Ky, 1 € m(g;|S), but 1 ¢ m(h;.|S). By this, m(g;|S) # m(h;jx|S).

Next, we prove that for 1 <4, j < n, i # j, m(g;|S) # m(g;|S) and m(h; ;|S) # m(h;x|S).
Since G is multiset distance irregular, m(g;|V (G)) # m(g;|V (G)), for two distinct vertices g;, g;.
By Lemma 2.1, m(g;|S) # m(g;|S. Similarly, m(h;;|S) # m(h;x|S), and S is an outer multiset
resolving set. Hence, dim,,s(G © H) = n(k — 1).

Conversely, suppose that dim,,,s(G ® H) = n(k — 1), and let S be an outer multiset basis of
(GO H). Since the vertices of each H; are twins, only one vertex of each H; is not in S. This means
that since |S| = n(k — 1), the vertices of G are also not in .S. Without loss of generality, assume
that the vertices h;; and g; are not in S, 1 < 7 < n. We shall prove that G is a multiset distance
irregular graph by contradiction. Assume that GG is not multiset distance irregular, then there exist
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i, g; where m(g;|V(G) = m(g;|V(G)) = {07,1™, ... diam(G) 4@}, where 1, > 0,0 <
t < diam(G). Thus, m(g;|S) = {170¢=1 2= " (diam(G) + 1) diem@*E=DY = m(g;|S),
a contradiction. O

The next two theorems provide examples of graphs whose corona products with a complete
graph and its complement have outer multiset dimensions close to the lower bound in Theorem
2.1; that is, the outer multiset dimensions are one or two more than the lower bound.

Theorem 2.2. Forn > 2and k > 2, if H € {K}, K} }, then
dim,s(P, © H) =n(k —1) + 1.

Proof. Let V(P,) = {vi,va,...,0,}, E(P,) = {v1va,...,vp_10.}, V(H) = {h1,he,..., h},
and V(Pn ® H) = {Ul,’Ug, ey, Up, h’l,17 h172, c 7h1,k’a ceey hn,l; hmg, ceey hn,k’}a where hi,j is the
gthvertexin H;,1 <:<n,1<j<k.

Clearly, forany 1 < ¢ < n,1 < j1,72 < k, h;;, and h, j, are twins. By Proposition 1.1, every
outer multiset resolving set of F, © H must contain at least one of &, ;, and h; ;,. Inductively, every
outer multiset resolving set S of P, ® H contains at least (k— 1) vertices of H;, 1 < ¢ < n. Without
loss of generality, let {hl,la h172, ey hl,k—h h271, h2,2, ey h27k_1, ceey hn,la hmg, ce 7hn,k—1} g S.
However, S = {h11,...,hik—1,--- s Pn1, hna, .., hnk—1} is nOt an outer multiset resolving set
since m(v;|S") = m(vpy1-4]5"). And so, | S| > n(k — 1) + 1.

We shall prove that |S| < n(k — 1) 4 1 by showing that S = S" (J{h(,x)} is an outer multiset
resolving set. First, we show that for 1 < i < j < n, m(v;|S) # m(v;|S) and m(h;x|S) #
m(h;x|S). Let ecc(v;) be the eccentricity of v; in P,. Then m(v;|S) = {1%,22, ..., (ecc(v;) +
1)ieca(vi>+1}, where i; is the number of vertices of S at distance j from v;, for 1 < j < ecc(v;) + 1.
If every two vertices v; and v; satisfy ecc(v;) # ecc(v;), then m(v;|S) # m(v;]S).

Now, assume that there exist v; and v; such that ecc(v;) = ecc(v;). Then j = n — i+ 1, where
1 <14 < %. Then v, is the vertex in P, with d(v;,v,) = ecc(v;), on the other hand, v, is the vertex
in P,, with d(v;, v1) = ecc(v;). Since v; is adjacent to the (k—1) vertices in S, v; has (k—1) vertices
with distance ecc(v;) + 1. But v, is adjacent to the k vertices in .S implying that v; has k vertices
with distance ecc(v;) + 1. Thus, m(v;|S) = {..., (ecc(v;) + 1)*} # {..., (ecc(v;) + 1)*1} =
m(v;|S). Similarly, m(h k)|S) # m(hgr)S).

Next, we prove that for 1 < ¢, 7 < n, m(v;|S) # m(h;.|S). When H = Ky, 2 € m(v;]5), but
2 ¢ m(hjx|S). When H = Ky, 1 € m(v;]S), but 1 ¢ m(h;|S). By this, m(v;|S) # m(h;|S9).
Thus, S is an outer multiset resolving set. [

Theorem 2.3. Forn > 3and k > 2, if H € {K}, K.}, then
dim,s(C, © H) =n(k — 1) + 2.

Proof. Let V(C,,) = {v1,va,..., 0.}, E(Cy) = {v1va,...,v01}, V(H) = {h1, ha, ..., ht}, and
V(C,®H) ={v1,...,00,h11,...,hik,.. . hn1, ..., by}, Where h; ; is the jth vertex in H;,
1 <i<n,1 <5 < k. To prove the lower bound, suppose that .S is an outer multiset resolving set
with |S| <n(k—1)+ 1.
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Clearly, forany 1 < i < n,1 < ji,j2 < k, h;j and h, ;, are twins. From Proposition 1.1,
every outer multiset resolving set of C;, © H must contain at least one of &, ;, and h; j,. Inductively,
every outer multiset resolving set of C,, ©® H contains at least (k — 1) vertices of H;, 1 < i < n.
Without loss of generality, let S = {h11,..., hig—1,h21,-- s hog—1, - s hnt, .o hng—1} UA.

If A =0, then forany i,1 < i < n, m(v;|S) = {1:=0 220=D " n20=1) (14 1)(k=D)y f
n is even, and m(v;|S) = {1¥=1, 22— (2EL)2=DY i s odd.

Now, assume that A # (), and so |A| = 1. Let 1 < 7 < n. The vertices of the cycle ad-
jacent to v; are v;_; and v;;,1, where the indices are read modulo n. Suppose that v; € A or
hig € A Ifv; € S, m(vi|S) = {18,220 220D (n g 1) E=DY = (v;4]9), if n
is even, and m(v;_1]S) = {1¥,22¢=D (220D = m(v44]9), if nois odd. If Ry, €
S, m(v;4|S) = {1’“_1 20—t 2k m g ) k=DY = y(v,44S), if n is even, and
m(vi_1|S) = {1F1, 22k=F1 ,( nt1)2(k=1) } m(viy1|9), if n is odd.

Thus m(vz_1|S) = m(vz+1|S) S is not an outer multiset resolving set, and |S| > n(k —
1)+ 2.

Now we shall prove that |S| < n(k — 1) + 2, by showing that

S=A{hi1,- - hig—tse o hna, 7hn,k—1}U{U17 hok}

is an outer multiset resolving set. Let S; = {h11, ..., hig—1,-- -, An1, An2, ooy B —1} and Sy =
{Uly h?,k}'

First, we show that for 1 < j <1 <n, m(v;|S) # m(v]S) and m(h;,|S) # m(hik|S). In
cycle C,,, each v; and v; have two distinct vertices at distance ¢, t € {1,2,..., [§]| — 1}. Addition-

ally, v; and v; have (k — 1) neighbors in .S;. Now consider two cases: (i) d(v;, v1) = d(v;, v1) and
(i) d(vj, v1) # d(vy, v1).

Case (i): d(vj,v1) = d(v,v1).

In this case, d(vj,v1) = j — 1 =d(v;,v1),2 < j < [5],andso,l =n+2—j. If j = 2, v, has
(k — 1) neighbors in \S; and two neighbors in Sy, however v,, has (k — 1) neighbors in .S} and one
neighbor in Sy. If 2 < j < [%], v; has 2(k — 1) vertices in S; and two vertices in .55 at distance
(7 — 1), however v, has 2(k — 1) vertices in S; and one vertex in S at distance (j — 1). Thus,
m(v;]S) # m(ulS).

Case (ii): d(vj,v1) # d(v,v1).

Let
-1 if [ < |2]+1
d('Ul,’U]_) — t — 9 1 — |.2J +
n—1+1, if[§]+1<l<n.
If | < [%]|+1, v has 2(k — 1) vertices in S; and two vertices in S, at distance ¢, however v,

has 2(k — 1§ vertices in S; and no vertex in Sy at distance ¢. Thus m(v;|S) # m(v|S).

If | 5] +1 <1< mn,v has 2(k—1) vertices in S, and one vertex in S, at distance ¢, however v,
has 2(k; — 1) vertices in .S} and no vertex in Sy at distance ¢. If [ = n, v; has (k — 1) neighbors in
S1 and one neighbor in Sy, however v; has (k — 1) neighbors in S} and no neighbors in S;. Thus
m(v;|S) # m(v]S). Similarly, m(h;x|S) # m(hix|S).

Next, we prove that for 1 < j.1 < n, m(v;|S) # m(h;x|S). When n is even, maxses d(v;, s) =
S4+1and max,cg d(hy g, s) = 5-+2. Whennis odd, max,eg d(v;, s) = "“ and maxses d(hi g, s) =
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241l 4 1. Since max,es d(vj, s) # maxses d(hyy, s), thus m(v;]S) # m(hy|S). Thus, S is an
outer multiset resolving set. [

The following Theorems 2.4 and 2.5 show that there are graphs, one dense and the other sparse,
whose corona products with a complete graph and its complement have outer multiset dimensions
closer to their order than the lower bound in Theorem 2.1.

Theorem 2.4. For n > 3 and k > 2, if K,, is a complete graph of order n and H € {K, K},
then
dim,s(K, © H) =nk +n — 4.

Proof. Let V(K,) ={g1,92,--- 90}, V(H) ={h1,ho,..., b}, and V(K, © H) = {g1, .. -, Gn,
hii,. . hig, - s hna, ..., hokt, where h;; is the jth vertex in H;, 1 < i <mn,1 < j <k To
prove the lower bound, suppose that .S is an outer multiset resolving set with |S| < nk +n — 5.

Clearly, forany 1 < ¢ < n,1 < j;,72 < k, h;;, and h, j, are twins. By Proposition 1.1, every
outer multiset resolving set of K,, ® H must contain at least one of h;; and h; j,. Inductively,
every outer multiset resolving set of K,, ® H contains at least (k — 1) vertices of H;, 1 < i < n.
Without loss of generality, let {hy 1, ..., h1g—1,h21, ..., hog—1,. -  hp1,. .., hng—1} C S. Define
A={gi|l <i<n}and B = {h;;|1 <i<n}. There are at least 5 vertices of A, B outside of S,
so we have the following two possibilities:

1. At least three vertices of A are notin S (JA\ S| > 3)
Let g;, g;, g: be three distinct vertices not in S, for 1 <4, 5,1 < n. According to the Pigeon-
hole principle, there exist two vertices g;, g; such that h; ., hj, € S or h;y, hjr ¢ S. Then
we obtain m(g;|S) = m(g;|S).

2. At most two vertices of A are notin S (|A\ S| < 2).
Here, at least three vertices of B are not in S. Let h; i, hj 1, by, be three distinct vertices in
B\ S, for1 < 4,71 < n. Consider the g;, g;, g; vertices of A. According to the Pigeonhole
Principle, two of them belong to S or are outside S. For ¢;,g9; € S or g;,g9; ¢ S, we then
obtain m(h; |S) = m(h;|S).

In both cases, S is not an outer multiset resolving set. Thus |S| > nk +n — 4.

Now we shall prove that |S| < nk + n — 4 by showing that S = V(K,,0H)\{g2, g3, h1 . hax}
is an outer multiset resolving set.

When H = K,

m(gs|S) = {1FF=2) ISI=En=2} (o] §) = {1E=DHn=2) 9ISI=(htn=5)} “and
m(th\S) {1k (n—3) 3‘S| (k+n— 3} m(hg]g‘S) {1k—1>2(n—2)’3\5\_(k+n_3)}.

When H = K,

m(g2‘5> — {1k+(n—2)’ 2|S|—(k+n—2)}’ m(gg‘S) — {1(k—1)+(n—2)7 2\5\—(k+n—3)}, and
m(h1 k|S> — {1’ 2(1@—1)-&—(n—3)7 3\5\—(k+n—3)}’ m(h3 k|S) — {2(kz—1)+(n—2)’ 3|S|—(k+n—3)}.

Since every vertex outside of S has a distinct multiset representation, S is an outer multiset
resolving set. Hence, dim,,,s(K, ® H) = nk +n — 4. O
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Theorem 2.5. Forn > 4 and k > 2, if S, is a star of order n and H € {Kk,m}, then
dimy,s(S, © H) = nk +n — 6.

Proof. Note that S,, = K; + K,,_;. Let V(K}) = {g:}, V(K1) = {92, -, g}, V(H) =
{hl, hg, R ,hk}, and V(Sn ® H) = {917927 -y 0n, hl,lu h1727 RN hl,ku ceey hn,b hn,27 ceey hn,k}a
where h; ; is the jth vertex in H;, 1 < i < n,1 < j < k. To prove the lower bound, suppose that
S is an outer multiset resolving set with |S| < nk +n — 7.

Clearly, forany 1 < ¢ < n,1 < j;,j2 < k, h;;, and h, j, are twins. By Proposition 1.1, every
outer multiset resolving set of S;, © H must contain at least one of h; ;, and h; j,. Inductively, every
outer multiset resolving set of S, ©® H contains at least (k — 1) vertices of H;. Without loss of
generality, let {hl,ly ceey hl’kfl, h271, ce h2,k:717 cey hn,h ey hn’kfl} - S.

Define A = {g;|1 <i < n}and B = {h;x|1 <i < n}. There are at least 7 vertices of A, B
outside of S, so we have the following two possibilities:

1. Atleast four vertices of A arenotin S (JA\ S| > 4).
For either g; & S or g; € S, let g;, g1, 9, be three distinct vertices not in .S that correspond
to the leaves of the star, for 2 < j,[,m < n. According to the Pigeonhole Principle, there
exist two vertices g;, g; such that either h;;, hyp € S or hji, by, ¢ S. Then we obtain
m(g;]S) = m(alS).

2. At most three vertices of A arenotin S (|4 \ S| < 3).
Here, at least four vertices of B are notin S. For hyj, & S or hyy € S, let bk, hy i, hum i bE
three distinct vertices in B \ S, for 2 < j,1,m < n. Consider the g;, g;, g, vertices of A.
According to the Pigeonhole Principle, two of them either belong to .S or are outside .S. For
gj. g1 € Sorgj, g ¢S, we then obtain m(h;;|S) = m(hx|5).

In both cases, S is not an outer multiset resolving set. Thus |S| > nk + n — 6.
Now we shall prove that |S| < nk + n — 6 by showing that

S =V(S,® H)\ {01, 93, 94, "1 g hoje, haic }

is an outer multiset resolving set.
When H = K,

m(gs|S) = {1F, 20b=D+(n=3) 3ISI=Ck+n=D1 "1 (g,|9) = {1F71, 2(h=D+(n=3) 3ISI=(2k+n=5)1
m(gﬂS) = {1(k71)+(n—3), Q\Slf(k+n74)}, m(h1 k|5) = {119717 2(n73)’ 3\5\7(k+n—4)}’
m(hgi|S) = {1F, 3k=D+0=4) gISI=Chtn=5)1 'y (1 |S) = {1571, 3= D+(n=3) fISI=(k+n=5)1
When H = K,
m(gs]S) = {1*, 2 (n=8) 3ISI=(@k+n—)1 (g1 §) = {151, k=) H(n=3) 3IS|—(2k+n—5))
m(g:1]S) = {1(k: 1)+(n— 3),2\5\ (k4n— 4} m(hyg)S) = {2(k—1)+(n—3)’3|S|—(k+n—4)}’
m(hag|S) = {1, 206=1) 3k=D+(n=1) 4IS|-(@hk+n=5)}
m(hyg|S) = {201 3k-D+n=3) 4IS|-(2k+n=5)}
Since every vertex outside of S has a distinct multiset representation, S is an outer multiset resolv-
ing set. Hence, dim,,,s(S, ® H) = nk +n — 6. .
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In Theorems 2.4 and 2.5, the outer multiset dimensions of the corona products of a complete
graph and a star with a complete graph or its complement are four and six less than the orders of the
graphs. In light of Theorem 1.2, it is natural to ask the following question: For n > 4 and £ > 2,
let H € {K}, K} Is there a connected graph G of order n such that dim,,s(G® H) = n+nk—2?
If the answer to the previous question is negative, then a more general question can be asked. For
k> 2,let H € {K}, K;}. If G is a connected graph, find a sharp upper bound for dimn,,,(G ® H).

Finally, we conclude this subsection with the following question.

Problem 1. Let k > 2. If G is an arbitrary connected graph and H € {K;, K.}, determine
dimy,s(G© H).

2.2. Outer Multiset Dimension of Corona Product with a Star

Next, we provide a sharp lower bound for the outer multiset dimension of the corona product
of a connected graph with a star.

Theorem 2.6. Letn > 2 and k > 3. If G is a connected graph of order n and Sy, is a star of order
k, then
dimps(G © Sg) > n(k — 2).

Moreover, dim,,s(G ® Si) = n(k — 2) if and only if G is multiset distance irregular.

Proof. Note that S, = K; + Kj,_1. Let V(K)) = {h}, V(Kp_1) = {ha, ..., i}, V(G) =
{91,-- -y gn}, and V(G ® Sk) = {91,-- -, Gn, P11s- -, Pagy- -y B, ...y B}, Where h; j is the
jthvertexin S, 1 <+ <n,1<j5<k.

Clearly, forany 1 < i <n,2 < jy,j2 < k, h;j, and h, ;, are twins. By Proposition 1.1, every
outer multiset resolving set of G'® S, must contain at least one of h; j, and h; j,. Inductively, every
outer multiset resolving set of G ® Sy, contains at least (k — 2) vertices of Si,, 1 < i < n. Thus,
dimps(G © Sg) > n(k — 2).

For the second part of the theorem, let G be a multiset distance irregular graph. We shall prove
that dim,,s(G © Si) < n(k — 2) by showing that S = {h12,..., A1 k-1,  An2s .oy Rng—1} 1S
an outer multiset resolving set.

First, we show that for 1 < i,j < n, i # j, m(g:|S) # m(g;|5), m(h;1|S) # m(h;1]S),
and m(h;x|S) # m(h;,|S). Since G is multiset distance irregular, then for two distinct vertices
gi,g; we have m(g;|V(G)) # m(g;|V(G)). By Lemma 2.1, m(g;|S) # m(g;|S). Similarly,
m(hi1|S) # m(h;a]S), and m(hix|S) # m(h;k|S).

Next, we prove that for 1 < i,j < n, m(g;|S) # m(h;:1|S), m(g:|S) # m(h;,|S), and
m(h;1|S) # m(h;,]S). Since distance 2 occurs in m(g;|.S) but not in m(h;;|S), so m(g;|S) #
m(h;1]S). The distance 1 occurs in m(g;|S) but not in m(h;x|S), so m(g;|S) # m(h;ilS).
Further, the distance 1 occurs in m(h; 1|.S) but not in m(h; x|S), so m(h;1|S) # m(h;k|S). Thus,
S is an outer multiset resolving set, and hence dim,,,s(G ® Si) = n(k — 2).

Conversely, suppose that dim,,s(G ©® Si) = n(k — 2), and let S be an outer multiset basis
of (G ® Sk). Since the vertices h; s, ..., h; of each Sy, are twins for 1 < i < n, only one
of these vertices h; s, ..., h;; does not belong to S. This means that since |S| = n(k — 2), the
vertices of GG are also not in S. Without loss of generality, assume that the vertices h;1, h;
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and g; are not in S, 1 < ¢ < m. We shall prove that G is a multiset distance irregular graph
by contradiction. Assume that G is not multiset distance irregular, then there exist g;, g; where
m(g;|V(G) = m(g;|V(G)) = {0°,1™, ..., diam(G) %@}, where r, > 0,0 <t < diam(G).
Thus, m(g;|S) = {170*=2) 2nk=2) " (diam(G) + 1)"@em@ =2} = 1m(g;]9), a contradiction.

]

The next two theorems provide examples of graphs whose corona products with a star have
outer multiset dimensions close to the lower bound in Theorem 2.6; that is, the outer multiset
dimensions are at most 2 more than the lower bound.

Theorem 2.7. Forn > 2 and k > 3, if P, is a path of order n and Sy, is a star of order k, then
dimy,s(P, ® Sk) =n(k —2) + 1.

Proof. Note that Sy = K; + Kj,_1. Let V(K1) = {h}, V(K1) = {ha,..., i}, V(B,) =
{v,...,0.}, E(P,) = {vive, ..., vp_1v,} and V(P, © Sk) = {v1, ..., 0n, 11,y hagy - o,
hua,. .., hog}, where h; ; is the jth vertex in Si,, 1 < i <n,1 < j <k.

Clearly, forany 1 < ¢ <n,2 < j;,j2 < k, h; ;, and h; j, are twins. By Proposition 1.1, every
outer multiset resolving set of P, ©® Sj, must contain at least one of h; ; and h; j,. Inductively,
every outer multiset resolving set of P, ® S}, contains at least (k — 2) vertices of Si,, 1 < i <
n. Without loss of generality, let {hy2,...,h1 k-1, An2s.. ., hnr—1} € S. However, S =
{h12,. . hig—1,-- s hn2, Ans, ..., hnr_1}is not an outer multiset resolving set since m(v;|S’) =
m(vpy1-iS’). And so, |S| > n(k — 2) + 1.

We shall prove that |S| < n(k — 2) + 1 by showing that S = 5" [J{h,x} is an outer multiset
resolving set. First, we show that for 1 <i < j <n, m(v;|S) # m(v;|S), m(h;1]S) # m(h;1]5),
and m(h;;|S) # m(h;r|S). Let ecc(v;) be the eccentricity of v; in P,. Then m(v;|S) =
{10,2%2 ... (ecc(v;) + 1)*cc+1}, where i; is the number of vertices of S at distance j from
v;, for 1 < j < ece(v;) + 1. If every two vertices v; and v; satisty ecc(v;) # ecc(v;), then
m(uilS) # m(o;1S).

Now, assume that there exist v; and v; such that ecc(v;) = ecc(v;). Then j = n — i+ 1,
where 1 <7 < 2. Then v, is the vertex in P, with d(v;,v,) = ecc(v;); on the other hand, v, is
the vertex in P, with d(v;,v1) = ecc(v;). Since v; is adjacent to (k — 2) vertices in S, then v; has
(k — 2) vertices with distance ecc(v;) + 1. But v, is adjacent to k — 1 vertices in .S, which implies
v; has k — 1 vertices with distance ecc(v;) + 1. Thus, m(v;|S) = {..., (ecc(v;) + 1)*71} £
{..., (ecc(v;) + 1)k} = m(v;]S). Similarly, m(h;1)]S) # m(hglS) and m(hgp|S) #
m(hgm|S).

Next, we prove that for 1 < i,j < n, m(v;|S) # m(h;1|S), m(v;|S) # m(h;x|S), and
m(h;1|S) # m(h;,]S). Since distance 2 occurs in m(v;|.S) but not in m(h;;]S), so m(v;|S) #
m(h;1|S). The distance 1 occurs in m(v;|S) but not in m(h;|S), so m(v;|S) # m(h;k|S).
Further, the distance 1 occurs in m(h; 1|.S) but not in m(h; x|S), so m(h;1|S) # m(h;k|S). Thus,
S is an outer multiset resolving set, and hence dim,,s(P, ® Si) = n(k — 2) + 1. O

Theorem 2.8. Forn > 3 and k > 4, if C,, is a cycle of order n and Sy, is a star of order k, then

dim,s(Cp, © Sk) = n(k —2) + 2.
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Proof. Note that S, = K; + K;_1. Let V(K,) = {h}, V(K1) = {ha,...,h}, V(C,) =
{Ul, e ,Un}, E(Cn) = {U1U2, e ,vnvl}, and V(Cn © Sk;) = {Ul, ey Up, h171, h172, cey th, RN
Pty hna, - . By}, where by j is the jth vertex in Sy, 1 <i <n,1 < j < k. To prove the lower
bound, suppose that S is an outer multiset resolving set with |S| < n(k —2) + 1.

Clearly, forany 1 < ¢ < n,2 < j1,j2 < k, h;;, and h, j, are twins. By Proposition 1.1, every
outer multiset resolving set of C,, © S, must contain at least one of h; ;, and h; j,. Inductively,
every outer multiset resolving set of C,, ® Sy contains at least (k — 2) vertices of Si,, 1 < i < n.
Without loss of generality, let S = {h12,..., b1 k1, hn2, .-, hng—1} JA.

If A =0, then forany i, 1 < i < n, m(v;|S) = {1¢:=2) 220=  n20=2) (1 4 1)(k-2)} jf
n is even, and m(v;|S) = {1¥72,22:=2)  (ZEL)2=D3 if s odd.

Now, assume that A # (), and so |A| = 1. Let 1 < i < n. The vertices of the cycle adjacent
to v; are v;_; and v, 1, where the indices are read modulo n, so that vy = v,, and v,,1 = v1. Then

A={v}, A= {hi1},or A= {hi,}. fv; € S, m(v;4|S) = {11 222 gQ(k_Q), (2 +

1)*=2} = m(v;44]9), if niseven, and m(v;_|S) = {1771, 220=2)  (2E)20=2% — i (v;44]9),
if n is odd. If hi,l € Sor hi,k S S, m(vi,ﬂS) = {1k_2, 22(k_2)+1, ceey %2(k_2), (% + 1)(k_2)} =
m(vi41]S), if n is even, and m(v;_1|S) = {1F72, 22— (2EL20=D% — p(v,44]9), if n is

odd. Thus, m(v;_1]S) = m(v;4+1]S) , a contradiction, and so, |S| > n(k —2) + 2.

Now we shall prove that |S| < n(k — 2) + 2 by showing that S = S; | J S» is an outer multiset
resolving set, where S1 = {h12,..., hik—1,.. -, hn2, ..., hpg—1} and Sy = {vy, hoy}.

First, we show that for 1 < j < [ < n, m(v|S) # m(y]S), m(h;1|S) # m(hi1]S), and
m(h;ji|S) # m(hyklS). In C,, each v; and v; has two distinct vertices at a distance of ¢,¢ €
{1,2,...,[5]—1}. Additionally, v; and v; have (k —2) neighbors in S1. Now consider two cases:
(1) d(vj,v1) = d(v;,v1) and (i) d(vj, v1) # d(vg, v1).

Case (i): d(vj,v1) = d(v,v1).

In this case, d(vj,v1) = j — 1 =d(v;,v1),2 < j < [5],andso,l =n+2—j. If j = 2, v, has
(k — 2) neighbors in S; and two neighbors in Ss; however, v, has (k — 2) neighbors in .S; and one
neighbor in S,. If 2 < j < [Z2], v; has 2(k — 2) vertices in S; and two vertices in .S, at distance

2
(7 — 1); however, v, has 2(k — 2) vertices in S; and one vertex in S at distance (j — 1). Thus,

m(v;9) £ m(ulS).
Case (ii): d(vj,v1) # d(v,v1).
Let

-1, i< 2]+ 1,
n—I+1, if[3]+1<l<n.

d(v,v) =t = {

If I < |5+ 1, v has 2(k — 2) vertices in S and two vertices in S, at distance ¢, however v,
has 2(k — 2) vertices in S, and no vertex in S at distance ¢. Thus m(v;|S) # m(v|S).

If [ 5] +1 <1 < n,v has 2(k —2) vertices in S and one vertex in S, at distance ¢, however v;
has 2(k — 2) vertices in S; and no vertex in S at distance ¢. If [ = n, v, has (k — 2) neighbors in
S1 and one neighbor in S;, however v; has (k — 2) neighbors in S; and no neighbors in S;. Thus
m(v]|S) 7& m(vl|5) Similarly, m(h(j,1)|S) 7§ m(h(l’1)|S) and m(h(jyk)|5) 7§ m(h(l7k)|5).

Next, we prove that for 1 < j,1 < n, m(v;|S) # m(h;1|S) and m(v;|S) # m(hix|S). When
n is even, maxses d(vj, 5) = § + 1, maxges d(hig,s) = § + 2 and max,egd(hi1,8) = § + 2.

n+1

When n is odd, max,csd(vj,s) = "=, maxses d(hyg, s) = ”T“ + 1 and maxses d(hi1,s) =
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”TH + 1. Since max,eg d(v;, s) # maxses d(hy 1, s), maxses d(vj, s) # maxses d(hyk, s). Thus,
m(v5]S) # m(hua]S) and m(v5]S) # m(hlS).

Finally, we show that m(h;1]S) # m(h;;|S) for 1 < 5,1 < n. If j € {2,n} and [ = 1, then
h;. has exactly one vertex of S at distance 2, while h, ; has k — 2 vertices of S at distance 2,
since k > 4. If j ¢ {2,n} and [ = 1, then 2 ¢ m(h;;|5), but 2 € m(hy;|S). If | # 1, then
1 € m(h;;|S), but 1 ¢ m(hx|S). In each case, m(h;1]S) # m(hx|S).

Thus, S is an outer multiset resolving set, and hence dim,,,s(C,, ® Si) = n(k — 2) + 2. O

We conclude this subsection by asking the following question.

Problem 2. For k > 3, let Sy, be a star of order k. If G is an arbitrary connected graph, determine
dzmms(G ® Sk)

3. Outer Multiset Dimension of Extended Corona Products

In this section, we generalize the previous corona product results to the extended corona prod-
uct.

3.1. Outer Multiset Dimension of Extended Corona Product with Complete Graphs or Their Com-
plements

Theorem 3.1. Let G be a connected graph of order n > 2. If H = {Hi,...,H,}, where H; €
{Ky,, Ki,} and k; > 2, then

dim,, (G OH) > > (ki —1).
=1

Moreover,

1. if all k; are pairwise distinct, then equality holds;
2. ifall k; are equal and G is multiset distance irregular, then equality holds.

Proof. Let V(G) = {vy,vq,...,v,} and H = {H;|1 <i < n}. Let |V(H;)| = ki, V(H;) = {u; |
1<I<k}LetV(GOH)=V(G)U{uy |1 <i<n,1<I[<k}, where u,, is the [th vertex
in Hz

Clearly, forany 1 < i <n,1 <,ly <kj, u;;, and u;,, are twins. By Proposition 1.1, every
outer multiset resolving set of (G ® ) must contain at least one of w;;, and u,;,. Inductively,
every outer multiset resolving set of (G ® H) contains at least (k; — 1) vertices of H;, 1 <i < n.
Thus, dim,,s(G O H) > > " (k —1).

For the second part of the theorem, we shall prove that dim,,,,(G © H) < >, (k; — 1), by
showing that S = {u; |1 < i <n,1 <z < k; — 1} is an outer multiset resolving set. We have
the following two cases:

Case 1: All £; are pairwise distinct.

First, we show that for 1 < 4,5 < n,i # j, m(vs|S) # m(v;|S) and m(u;,|S) # m(u;x,|S).
The numbers of vertices adjacent to v; and v; in S are (k; — 1) and (k; — 1). Note that m(v;|S) =
{171 ..} and m(v;]S) = {1%~1, ... }. Since k; # k; then k; — 1 # k; — 1 which implies that
m(vi] S) # m(v;]S). Similarly m(u;,[S) # m(uj,|S).
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Now, we prove that for 1 < s,t < n, m(vs|S) # m(ueg,|S). If Hy is a complete graph,
distance 2 occurs in m(v,|S), but not in m(u.y,|S), we have m(vs|S) # m(ug,|S). If Hy is
the complement of a complete graph, distance 1 occurs in m(v,|S), but not in m(u. g, |S), and so
m(vs|S) # m(us,|S). Thus, S is an outer multiset resolving set.

Case 2: All k; are equal and G is multiset distance irregular.

First, we show that for 1 < 4,5 < n, i # j, m(v;|S) # m(v;|S) and m(u;,|S) # m(u;jx,|S).
If both H; and H; are complete graphs or complements of complete graphs, then by Theorem
2.1, m(vi] S) # m(v;|S), m(uig,|S) # m(ujx,|S). If H; is a complete graph and Hj is the
complement of a complete graph, we apply the same arguments as in Theorem 2.1 to obtain
m(vs]S) # m(v;]S). In addition, distance 1 occurs in m(u;,|S), but not in m(u;y,|S), so we
have m(uix,|S) # m(u;x,|S).

Now, we prove that for 1 < s,t < n, m(vs|S) # m(ug,|S). If Hy is a complete graph,
distance 2 occurs in m(vs|S), but not in m(u.y,|S), we have m(vs|S) # m(ug,|S). If Hy is
the complement of a complete graph, distance 1 occurs in m(v,|S), but not in m(u. g, |S), and so
m(vs|S) # m(usg,|S). Thus, S is an outer multiset resolving set. O

Unlike the corona product, where we have characterized the graphs GG for which dim,,s(G ®
H), with H € {K}, K}, equals the lower bound of Theorem 2.1, we have not yet managed to
characterize such graphs for the extended corona product and the lower bound in Theorem 3.1.
Equality is established here in two cases: when all k; are pairwise distinct for every connected
graph G, and when all k; are equal and G is multiset distance irregular. For multiset distance
irregular graphs G, the general intermediate case, where some but not all k; coincide, is unresolved.
In the following example, equality does not hold.

Figure 4. A multiset distance irregular graph G.

Example 3.1. Let G be a multiset distance irregular graph of order 8 as illustrated in Figure 4.
Let H = {K3, Ky, Ky, Ko, Ky, Ky, Ko, K3}. If S were an outer multiset resolving set with |S| =
223:1(/{:7; — 1), the twin condition would force S to contain exactly k; — 1 vertices of H;, 1 < i < 8.
Then m(vs|S) = {1,2%,3% 42} = m(v4|S), a contradiction. Therefore |S| > 375 (ki — 1) + 1.
We now prove |S| < 35 (ki — 1) + 1. by considering

S = {Ul,h U1,2,U2,1, U22,U23,U3 1, U4,1, U511, U6 1, UT 1, US 15 U8,2} U{Ug,z}-

The multiset representations of the vertices are depicted in the following tables.
Every vertex outside of S has a distinct multiset representation, so S is an outer multiset re-
solving set.
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Vertex z m(z]S)

o | {1253 475 Yot # ot 3?(;'55)2 &7
DR ARy e
U3 {12’ 24’ 35’ 42} u2,4 {1 735 744 753}
V4 {1725734743} ’LL472 {’1 é5 47}

vs {1,2°,37} u572 2.3 ’44 755 621
Vg {1,2,3% 4% 5%} UG’Q {’2 5;)4 216 ’52}
vr {1,27,37, 4% RO Wi v
Vs {12’ 27 32746’ 52} 8,3 s 9y D,

This example raises the following question: Let G be a multiset distance irregular graph of
order n. Characterize all H = {H,,..., H,}, with H; € {K},, Ky, }, where dim,,(G ® H) =
Z?:l (ki —1).

In the next theorem, we determine the outer multiset dimension of the extended corona product
between any path and any collection of % = {H,,. .., H,} with H; € {K},, K}, }. This theorem
also shows that, in general, the condition of G being multiset distance irregular is not necessary for
dimms(G © H), where H = {H,, ..., H,} and H; € {K},, K}, } are equal to the lower bound in
Theorem 3.1. In particular, we show that if GG is a path, that is not multiset distance irregular, there
exists a collection . = {H, ..., H,} with H; € {Kj,, Ky, } such that dim,,s(G ® H) is equal to
the lower bound of Theorem 3.1.

Theorem 3.2. Forn > 2, let H = {Hy,..., H,}, with H; € {K},, Ky, }, ki > 2,1 <i < n. Then

dim (P @H) - 1+Z:L:1(k2_1)7lsz:knJrlfz’forallle {17277 I_%J}a
e CASSr (ki — 1), there existsi € {1,2, ..., |n/2]} such that k; # knyi1_;.

Proof. Let H = {H|1 <i <n}, |V(H,)| = ki, and V(H;) = {u; | 1 < 1 —
—V(G)U{uy |1<i <

{v1,v9, ..., 0.}, E(P,) = {viviy1 : 1 <i<n—1}and V(P, ©H)
n, 1 <1< k;}, where u,; is the [th vertex in H,.

Clearly, forany 1 < i <n,1 <,ly < kj, u;;, and u;,, are twins. By Proposition 1.1, every
outer multiset resolving set of (F,, ® ) must contain at least one of w;;, and w;;,. Inductively,
every outer multiset resolving set of (P,, ©® H) contains at least (k; — 1) vertices of H;, 1 < i < n.
Thus,

dinps (P, © H) = (ki = 1). (1)
i=1

We distinguish two cases:

Case 1: k; = ky—; for 1 <i < [3].

Suppose that .S is an outer multiset resolving set with |S| = > | (k; — 1). Then m(v;|S) =
m(vpq1-4|S) for 1 <@ <[], a contradiction. So, if S'is an outer multiset resolving set, it must
be |S| > 14", (k; — 1). Now we shall prove that there exist S with 1+ " | (k; — 1) vertices,
by defining

S={u.]1<i<n1<z<k— 1}U{Unkn}
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First, we show that for 1 < i < j < n, m(v;|S) # m(v;]5). Let ecc(v;) be the eccentricity of
v; in P,. We consider two subcases.

Subcase 1.i: ecc(v;) # ecc(v;). Then maxges d(v;, s) # maxses d(vj, s); hence m(v;]S) #
m(v;|S).

Subcase L.ii: ecc(v;) = ecc(v;). Then j = n — i+ 1, where 1 <7 < [Z]. In this case, v, is
the vertex in P, with d(v;, v,) = ecc(v;). On the other hand, v, is the vertex in P, with d(v;, v1) =
ecc(v;). Since k; = kj, m(vy]S) = {. .., (ecc(v;) + 1)k} #£ {. .. (ecc(vj) + 1)1} = m(v;]9).

Similarly, m(u,)|S) # m(ugr,)|S).

Next, consider 1 < s,¢ < n. When H, is a complete graph, distance 2 occurs in m(vs|S),
but not in m(u.k,|S), we have m(vg|S) # m(us,|S). When H; is the complement of a complete
graph, distance 1 occurs in m(vg|.S), but not in m(uy g, |S), which means m(vs|S) # m(ug,|S).

Thus, S is an outer multiset resolving set with |S| =1+ """ (k; — 1)

Case 2: There exist 7 € {1,2,..., |5} such that k; # k1.

By Equation (1), dim,,s(G ©® H) > > (ki — 1). Now, we shall prove dim,,s(G ® H) <
> (ki — 1), showing that S = {u; |1 <1i <n,1 <z <k; — 1} is an outer multiset resolving
set.

First, we show that for 1 < j <[ < n, m(v,|S) # m(v|S). The multiplicity of distance 1 in
m(v|S) is k; — 1 and in m(v;|S) is k; — 1. If k; — 1 # k; — 1, which implies that k; # k;, then
m(v;|S) # m(v]S). Now, assuming k; = k;, we consider two subcases.

Subcase 2.i: v;, v; are not symmetric pair, i.e. [ # n + 1 — j. We have max,es d(vj,s) =
max{j, n+1—7j}. Since !l # jand [ # n+1—7, it follows that max,cs d(vj, s) # max,es d(vy, s).
Thus m(v,|S) # m(v|S.

Subcase 2.ii: v;, v; are symmetric pair, i.e. [ = n+1—j. Since there existsi € {1,2,...,|n/2]}
with k; # kpy1-4, let s be the smallest index in {1,...,|n/2|} with ks # k,41-5, and so
t = n+1—s. Then, for j < [n/2], koj—y = kptp1-2j4¢ for every 2j — ¢ < s and indices
outside {1,...,n} contribute 0. We show that m(v;|S) # m(v,+1—;]5). Consider the distance
t —j+ 1. Since d(vj,x) =t —j+ 1lonlyif 2 € V(H;) UV(Hyj_), then the multiplic-
ity of t — j + 1 in m(v;|S) is (ky — 1) + (kgj— — 1). Similarly, d(v,41-j,2) =t —j + 1
only if x € V(H) U V(Hu41-2j4¢), and so, the multiplicity of ¢ — 7 + 1 in m(v,41—;|S5) is
(ks — 1) 4 (kn41-2j4¢ — 1). Since 2j — t < s, we have koj_; = Ky, 411_(2j_1), and the difference of
the two multiplicities is (ky — 1) — (ks — 1) = kp41-5 — ks # 0. Hence m(v;|S) # m(vp41-5]5).

Similarly m(w;,|S) # m(uyg,|S).

Next, consider 1 < s,t < n. When H, is a complete graph, distance 2 occurs in m(vs|.S),
but not in m(u,|S), we have m(vy|S) # m(usg,|S). When H, is the complement of a complete
graph, distance 1 occurs in m(vg|.S), but not in m(u.,|S), we have m(vs|S) # m(uk,|S).

Thus, S is an outer multiset resolving set with |S| = > (k; — 1). O

In Theorem 3.2, we provide an example of a graph G that is not multiset distance irregular,
together with collections H = {H,, ..., H,}, where H; € {Ky,, K}, }, for which dim,,,s(G ® H)
equals the lower bound in Theorem 3.1. However, when the k; are not pairwise distinct, it remains
open which other graphs have the same property. This leads to the following question: Characterize
all connected graphs G of order n and all collections H = {H,, ..., H,}, with H; € {K},, K;,}
and k; > 2, for which dim,,,(G©H) = >_1" (ki — 1).
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We conclude this subsection by asking a general question related to the outer multiset dimen-
sion of the extended corona product with complete graphs or their complements.

Problem 3. Let G be a connected graph of order nand H = {H,, ..., H,} with H; € {K},, Ky, },
determine dim.,;(G © H).

3.2. Outer Multiset Dimension of Extended Corona Product with Stars

Theorem 3.3. Forn > 3, let G be a connected graph of ordern. If H = { Sg, | ki >3, 1 <i<n},
then

dimms (G OH) > (ki —2).
=1

Moreover,

1. if all k; are pairwise distinct, then equality holds;
2. ifall k; are equal and G is multiset distance irregular, then equality holds.

Proof. Let V(G) = {v1,vq,...,v,yand H = { S, | ki > 3, 1 < i < n}. Let |V(Sy,)| = ki,
V(Sk,) ={w | 1 <1<k}, where uy is the center of Si,. Let V(GO H) = V(G) U{u;; | 1 <
i <mn,1 <1<k}, where u;, is the Ith vertex in S,.

Clearly, forany 1 < i <n,2 <y,ly < k;, u;;, and u;;, are twins. By Proposition 1.1, every
outer multiset resolving set of (G ® ) must contain at least one of w;;, and u,;,. Inductively,
every outer multiset resolving set of (G ® H) contains at least (k; — 2) vertices of Sy,, 1 <i < n.
Thus, dim,,,s(G ©H) > > (k —2).

For the second part of the theorem, we shall prove that dim,,,s(G ® H) < >  (k; — 2). By
showing that S = {u; |1 <i <n,2 <y < k; — 1} is an outer multiset resolving set. We have the
following two cases:

Case 1: All £; are pairwise distinct.

First, we show that for 1 < 7,5 < n, i # j, m(v;|S) # m(v;]5), m(u;1|S) # m(u;1]S), and
m(uip,|S) # m(u;,|S). The number of vertices adjacent to v; and v; in S are (k;—2) and (k;—2).
Note that m(v;]S) = {1%72,...} and m(v;|S) = {1%72, ... }. Since k; # k; for 1 <i # j < n,
then k; — 2 # k; — 2, which implies that m(v;|S) # m(v;|S). Similarly, m(u; x,|S) # m(u;x;|S)
and m(u;1]S) # m(u;1]5).

Next, we prove that for 1 < s,t < n, m(vs|S) # m(ue1|S), m(vs|S) # m(up,|S), and
m(usa]S) # m(ugk,|S). Since distance 2 occurs in m(vg|S), but not in m(us,]S), we have
(vs]S) # m(ue1]S). Distance 1 occurs in m(v,]S), but not in m(u.g,|S), and so m(vg|S) #
(

(

Ut ,|S). In addition, dsiatnce 1 occurs in m(us;|S), but not in m(usy,|S), which means
us1]S) # m(ury, |S).

Case 2: All k; are equal and G is multiset distance irregular.

In this case, H = {Sk, | Sk, = Sk, 1 < i < n}, the extended corona product G ® H is isomor-
phic to the original corona product G ® S. Thus, by Theorem 2.6, .S is an outer multiset resolving
set. [l

3 33

Unlike for the corona product, where we have characterized the graph G whose dim,,,s(G ® Sk)
is equal to the lower bound of Theorem 2.6, we have not yet managed to characterize the graphs
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G whose dim,s(G ©H), H = {Sk, | ki > 3, 1 < i < n}, are equal to the lower bound in
Theorem 3.3. Equality is established here in two cases: when all k; are pairwise distinct for every
connected graph (G, and when all k; are equal and G is multiset distance irregular. For multiset
distance irregular graphs G, the general intermediate case, where some but not all k; coincide, is
unresolved. In the following example, equality does not hold.

Example 3.2. Let G be a multiset-distance-irregular graph of order 8, as illustrated in Figure 4.
Let H = {54, 55, Sg, S3, 53,53, 53,54}. Let V(G ©O) H) = V(G) U {UN | 1 S 1 S 8,1 S l S kz}
It is clear that u;, is a central vertex and u;;,1 < ¢ < 8,2 < [ < k;, are twin vertices. If S
were an outer multiset resolving set with |S| = S°°_, (k; — 2), the twin condition would force S to
contain exactly k; — 2 vertices of Sy, 1 < i < 8. Then m(v3|S) = {1,2%,3°,42} = m(v4]5), a
contradiction. Therefore, |S| > 35 (k; — 2) + 1. We shall prove that |S| < 3" (ki — 2) + 1 by

considering

S = {u1,2, Uy,3,U22, U233, U4, U3 2, Us 2, U5 2, Ug,2, UT 2, U8,27U8,3} U{U3,3}-

The multiset representations of the vertices are depicted in the following tables.

Vertex 2 m(z|S) Vertex 2 m(z|5) Vertex z m(z|S)
v {12,23,33 42 53} w1 |{12,3%,4%,5%,6%} 2 23 43 =2 @3
Vo {13,25,32,43} u2,1 {13735742»53} LEEE 733 ’54 725 736 )
v | {1%,23, 35,47} usy | {12,3%,45,5%) uso | (25,4000
V4 {1,25,34,43} u4,1 {1,3%,4%,53} 4.3 23 754 775 )
vs {1,25,37} us,1 {1,35,47} 5,3 {273:1 ’45 }2
o6 {172734745,52} up,1 {1,3,44,55,62} ue,3 {2,3,3 7? »S }
vr {1,24,36,42} w71 {1,34,4%,52} i {22’3 724 ’65 }2
vs | {12,2,32,45,52} us,1 | {1%,3,42,55,62} usa | 127,5,47,50,67)

Every vertex outside of S has a distinct multiset representation, and so S is an outer multiset
resolving set.

This example raises the following question: Let G be a multiset distance irregular graph of
order n. Characterize all H = { Sk, | k; > 3, 1 <i < n}, where dim,,s(GOH) = > (ki—2).

In Theorem 3.4, we determine the outer multiset dimension of the extended corona product
between any paths and any collection of H = { Sy, | k& > 3, 1 < i < n}. The theorem
gives an example that the condition of G being multiset distance irregular is not necessary for
dim,s(GOH), H ={Sk, | ki >3, 1 <i<n},tobe equal to the lower bound in Theorem 3.3.
We show that if G is a path, that is not multiset distance irregular, there is a collection H = { S,
k; > 3, 1 <i <n} such that dim,,s(G ® H) is equal to the lower bound of Theorem 3.3.

Theorem 3.4. Forn >3, H={Sk, | ki >3, 1 <i<n}. Then

L+5>0 (ki —2),ifki = kny1—y, foralli e {1,2,..., 5]},
S (ki —2), there existi € {1,2,...,|n/2|} such that k; # k1.

i=1

dimy,s(P, © H) = {
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Proof. LetH = { Sk, | ki >3, 1 <i<n}, |V(S)| = ki, V(Sk,) ={u | 1 <1<k}, where u;
is the center of Si,. Let V/(P,) = {vi,va,..., 0.}, E(P,) = {viviz1 : 1 < i < n— 1}, and
V(P,OH)=V(P,) U{uiy | 1 <i<mn, 1<I1<k}, where u;, is the [th vertex in Sy, .

Clearly, forany 1 < ¢ < n,2 < [,ly < k;, u;;, and u;, are twins. By Proposition 1.1, every
outer multiset resolving set of (F,, ® ) must contain at least one of w;;, and wu;;,. Inductively,
every outer multiset resolving set of (P, ® ) contains at least (k; — 2) vertices of Sy,, 1 < i < n.
Thus,

dittis (P © H) =Y (ki — 2). )
i=1

We distinguish two cases:

Case1: k; =k, for 1 <i < [ 5].

Suppose that .S is an outer multiset resolving set with |S| = > | (k; — 2). Then m(v;|S) =
m(vpq1-4|S) for 1 <@ <[], a contradiction. So, if S is an outer multiset resolving set, it must
be |S| > 1+>""  (k; —2). Now we shall prove that there exists S with 1+ ., (k; — 2) vertices,
by defining

S={uyll <i<n2<y<k— 1} Junn}
First, we show that for 1 < i < j < n, m(v;|S) # m(v;]5). Let ecc(v;) be the eccentricity of

v; In P,. We consider two subcases.
Subcase 1.i: ecc(v;) # ecc(v;). Then maxges d(v;, s) # maxses d(vj, s); hence m(v;]S) #

m(v;|S).
Subcase L.ii: ecc(v;) = ecc(v;). Then j = n —i+ 1, where 1 <4 < [ ]. Inthis case, v, is the
vertex in P, with d(v;,v,,) = ecc(v;). On the other hand, v; is the vertex in P, with d(v;,v;) =

ecc(v;). Since k; = ki, m(v;|S) = {. .., (ecc(vi)+ 1)1} £ {..., (ecc(v;)+1)"72} = m(v;]S).

Similarly, m(u;1|S) # m(u;1]S) and m(u; g, |S) # m(ujx,|S).

Next, consider 1 < s, < n. Since distance 1 occurs in m(vs|S), but not in m(uyy,|S),
we have m(vs]S) # m(upk,|S). Distance 2 occurs in m(vs|S), but not in m(us1|S), and so
m(vs|S) # m(ue1]S). Finally, distance 1 occurs in m(us1|S), but not in m(uy g, |S), which means
m(us]S) # m(ug,|S).

Thus, S'is an outer multiset resolving set.

Case 2: There existi € {1,2,..., 5]} such that k; # k,1_;. By Equation (2), dim,,s(P, ®
H) > " (ki — 2). Now, we shall prove dim,s(P, ® H) < >."  (k; — 2), by showing that
S ={u;y|l <i<n,2<y<k; —1}is an outer multiset resolving set.

First, we show that for 1 < j <[ < n, m(v;|S) # m(v|S). The multiplicity of distance 1 in
m(v]S) is k; — 2 and in m(v;|S) is k; — 2. If k; — 2 # k; — 2, which implies that k; # k;, then
m(v;|S) # m(v]S). Now, assuming k; = k;, we consider two subcases.

Subcase 2.i: v;,v; are not symmetric pairs, i.e., [ # n + 1 — j. We have max,cs d(v;, s) =
max{j, n+1—j}. Since !l # j and [ # n+1—7, it follows that max,ecs d(v;, s) # max,egs d(vy, s).
Thus, m(v;]S) # m(v]5).

Subcase 2.ii: v;, v; are symmetric pairs, i.e., | = n+1—j. Since there exists i € {1,2,..., |n/2]}
with k; # k,i1-4, let s be the smallest index in {1,...,[n/2]} with ks # k,,1_, and so
t = n+1—s. Then, for j < |n/2|, kaj_y = knpt1-92j4¢ for every 2j —t < s and indices
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outside {1,...,n} contribute 0. We show that m(v;|S) # m(v,+1—;]5). Consider the distance
t —j+ 1. Since d(vj,x) =t —j+ 1lonlyifx € V(H;) U V(Hy_), then the multiplic-
ity of t — j + 1 in m(v;|S) is (k, — 2) + (kgj—y — 2). Similarly, d(vy41-j,2) =t —j + 1
only if v € V(H,) U V(H,11-2j4+¢), and so, the multiplicity of ¢ — j + 1 in m(v,11-;|5) is
(ks = 2) + (kn41-2j+¢ — 2). Since 2j — ¢ < s, we have ky;j_; = kj1.1-(2j—+), and the difference of
the two multiplicities is (k; — 2) — (ks — 2) = kpy1-s — ks # 0. Hence m(v;|S) # m(vp41-5]5).

Similarly, m(u;,|S) # m(uk,|S) and m(u;1|S) # m(u]S).

Next, consider 1 < s, < n. Since distance 1 occurs in m(vs|S), but not in m(uyy,|S),
we have m(vs]S) # m(upg,|S). Distance 2 occurs in m(vs|S), but not in m(us|S), and so
m(vs|S) # m(ue1]S). Finally, distance 1 occurs in m(us1|S), but not in m(uy g, |S), which means
m(us1]S) # m(ugg,|S). O

In Theorem 3.4, we provide an example of a graph G that is not multiset distance irregular,
together with a collection H = { Sy, | k; > 3, 1 < ¢ < n}, for which dim,,s(G ® H) equals
the lower bound in Theorem 3.3. However, when the k; are not pairwise distinct, it remains open
which other graphs have this property. This leads to the following question: Characterize all
connected graphs GG of order n and all collections H = { Sk, | k; > 3, 1 < i < n}, for which
dimy,s(GOH) =>" (ki —2).

We conclude this subsection by asking a general question related to the outer multiset dimen-
sion of the extended corona product with stars.

Problem 4. Let G be a connected graphand H = { Sy, | k; > 3, 1 < i < n }, determine dim,s(G®

4. Concluding Remarks

The results of this paper suggest three main directions for further research. First, close the
gap between the lower and upper bounds of the outer multiset dimension of corona-type products,
particularly by determining which bounds are sharp and characterizing the graphs that attain or
come close to them. The second is to investigate how the outer multiset dimension depends on the
choice of the graphs H and the collection of graphs H. And lastly, we aim to extend the study to
other graph products, such as the Cartesian and strong products.
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