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Abstract

A perfect dominating set in a graph G = (V, E') is a subset S C V such that each vertex in V' \ S
has exactly one neighbor in S. A perfect coalition in GG consists of two disjoint sets of vertices V;
and V5 such that i) neither V; nor V5 is a dominating set, ii) each vertex in V(G) \ V; has at most
one neighbor in V; and each vertex in V' (G) \ V4 has at most one neighbor in V5, and iii) V; U V;
is a perfect dominating set. A perfect coalition partition (abbreviated prc-partition) in a graph G
is a vertex partition 7 = {V}, V5, ..., V;} such that for each set V; of , either V; is a singleton
dominating set or there exists a set V; €  that forms a perfect coalition with V;. In this paper,
we initiate the study of perfect coalition partitions in graphs. We obtain a bound on the number
of perfect coalitions involving each member of a perfect coalition partition, in terms of maximum
degree. The perfect coalition of some special graphs are investigated. Graphs with minimum
degree one, triangle-free graphs and trees with large perfect coalition numbers are investigated.
Keywords: perfect coalition, perfect coalition partition, perfect coalition number
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1. Introduction

Let G = (V, E) denote a simple, finite and undirected graph of order n with vertex set V' =
V(@) and edge set E = E(G). The open neighborhood of a vertex v € V' is the set N(v) = {u:
uv € E}, and its closed neighborhood is the set N[v] = N(v)U{v}. Each vertex of N(v) is called a
neighbor of v, and the cardinality of N(v) is called the degree of v, denoted by deg(v) or deg¢(v).
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A vertex v of degree 1 is called a pendant vertex or leaf, and its neighbor is called a support vertex.
The minimum and the maximum degree of G is denoted by §(G) and A(G), respectively. For a
set S of vertices of G, the subgraph induced by S is denoted by G[S]. For two sets X and Y of
vertices, let [ X, Y] denote the set of edges between X and Y. If every vertex of X is adjacent to
every vertex of Y, we say that [ X, Y] is full, while if there are no edges between them, we say
that [ X, Y] is empty. A subset V; C V is called a singleton set, doubleton set and tripleton set, if
|Vi| = 1, |V;| = 2 and |V;| = 3, respectively. We denote the path, cycle and complete graph of
order n, by P,, C,, and K,, respectively. The girth of a graph G, denoted by g(G), is the length of
its shortest cycle. A graph is called triangle-free if it has no K3 as a subgraph.

Aset S C Vina graph G = (V, E) is called a dominating set if for any vertex v € V, either
v € S or v has a neighbor in S. The minimum cardinality of a dominating set of G is called
domination number of GG, denoted by v(G). A set S C V is a perfect dominating set of a graph
G = (V,E) if every vertex in V' \ S has exactly one neighbor in S. We denote the minimum
cardinality of of a perfect dominating set of GG, by v,(G). The concept of domination and its
variants have been widely studied in the literature, see for example [[7, 8]

In 2020, Haynes et al. [4] introduced the concept of coalition domination in graphs. A coalition
in a graph G = (V, E) consists of two disjoint sets V; and V; of vertices such that neither V; nor
V5 is a dominating set, but the union Vi U V5 is a dominating set of G. A coalition partition
(abbreviated c-partition) in a graph G is a vertex partition 7 = {V, V3, ..., Vi } such that every set
V; either is a singleton dominating set, or is not a dominating set but forms a coalition with another
set V; in G. The maximum cardinality of a coalition partition in G is called the coalition number
of G, denoted by C'(G). A c-partition of G with order C(G) is called a C'(G)-partition. For more
studies in this area, we refer the reader to [3, 4} 15, 16]. Since the introduction of this concept, some
of its variants have been introduced and studied, see for example [1, 2,9, 10,11} 12]. In this paper,
we introduce the concepts of perfect coalition and perfect coalition partition in graphs. We define
these terms as follows.

Definition 1.1. A perfect coalition in a graph G consists of two disjoint sets of vertices V| and V;
such that

(i) Neither V| nor Vs is a dominating set of G.

(ii) Eachvertexin V(G) \ Vi has at most one neighbor in V1, and each vertex in V (G) \ V, has
at most one neighbor in V5.

(iii) V4 UV, is a perfect dominating set of G.

Definition 1.2. A perfect coalition partition (abbreviated prc-partition) in a graph G is a vertex
partition 1 = {V1, Vs, ..., Vi.} such that for each set V; of m either V; is a singleton dominating
set, or there exists a set V; € w that forms a perfect coalition with V;. The maximum cardinality
of a pre-partition in G is called the perfect coalition number of G, denoted by PRC(G). We say
that PRC(G) = 0 if G has no prc-partition. A pre-partition of G with order PRC(G) is called a
PRC(G)-partition.
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As will be seen below, Section 2 investigates the number of prc-partners of a set in a pre-
partition of a graph in terms of maximum degree. In Section 3, we determine perfect coalition
number of paths and cycles. In Section 4, we characterize the graphs G with 6(G) = 1 and
PRC(G) = |V(G)| in Subsection 4.1, while in Subsection 4.2, we characterize triangle-free
graphs G with perfect coalition number |V (G)|. The trees 1" of order n are characterized whenever
PRC(T) € {n,n — 1,n — 2} in Subsection 4.3. Finally, we close the paper with some research
problems in Section 5.

2. Bounds

Obviously, every pre-partition of a graph G is a c-partition of GG. Thus, we have the following.
Observation 2.1. For any graph G, PRC(G) < C(G).

Haynes et al. [4] proved the following result.

Theorem 2.1. [4)] Let G be a graph with maximum degree A(G), and let  be a C(G)-partition.
If X € 7, then X is in at most A(G) + 1 coalitions.

The following theorem shows that for a graph G, the above upper bound can be reduced to
A(G), when dealing with perfect coalition partitions.

Theorem 2.2. Let G be a connected graph with maximum degree A(G), and let ™ be a pre-
partition of G. If A € m, then A is in at most A(G) perfect coalitions. Further, this bound is
sharp.

Proof. 1f Ais a singleton dominating set, then it has no prc-partner. Hence, we may assume that A
does not dominate GG. Let x be a vertex that is not dominated by A. Now x must be dominated by
every prc-partner of A, implying that every pre-partner of A must contain a vertex in N|[x]. Since
IN[x]| < A(G) + 1, it follows that A cannot have more that A(G) + 1 pre-partners. Now we
show that A has at most A(G) pre-partners. Suppose, to the contrary, that A admits A(G) +1 pre-
partners. Let Vi, V5, ..., Va(g)41 be pre-partners of A. Define G’ = G[U], where U = UA(G Iy
Let X be the set of vertices in G’ having a neighbor in A, and Y be the set of vertices v; in G’
having a neighbor in U \ V,,,, where V,, is the set in 7 containing v;.

First we show that X N'Y = (). Suppose, to the contrary, that X NY # (). Lets € X NY,
where V is the set in 7 containing s. Further, let¢ € U \ V be a neighbor of s in G, and let V;
be the set in 7 containing ¢. Now we observe that s has at least two neighbors in A U V;, implying
that the sets A and V; are not prc-partners, a contradiction. Hence, X NY = ().

Next we show that X UY = U. Suppose, to the contrary, that X UY # U. Lete €
U\ (XUY). Let V, be the set in 7 containing e. Now for each V; € {Vi,V5,..., Va@g)+1} \ {Vc}
e is not dominated by A U V;, implying that A and V; are not prc-partners, a contradiction. Hence,
XUY ="U.

As before, we let x denote a vertex in G that is not dominated by A. Note that N[x] C U\ X =
Y, and so Y # (). Let f be an arbitrary vertex in Y, where V; is the set in 7 containing f. Now
for each V; € {Vi, V5, ..., VA1) \ {V}}, since V; U A is a dominating set of GG and A does
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not dominate f, it follows that f has a neighbor in V;. Therefore, degs/(f) > A(G), and so
deg(f) = dege(f) = A(G). Now, choosing f arbitrarily, we deduce that [Y,V(G) \ Y] = 0
which contradicts the fact that G is connected. Hence, A admits at most A(G) prc-partners.

To prove the sharpness, for each A > 2, we construct a graph G with A(Ga) = A, and a
pre-partition 7 such that there exists a set in 7 having A pre-partners. Let Ga be a graph with
V(Ga) = {z,w,v,u1,us,...,ua}t. and E(Ga) = {uu; : 1 < i < j < A} U {zw, wv,vus}.

Consider the vertex partition 7 = {{w, 2z}, {u1, v}, {us}, {us},...,{ua}}. One can observe that
7 is a pre-partition of G4, where the set {w, z} forms a perfect coalition with all other sets of 7.
This completes the proof. ]

Note that the bound presented in Theorem does not hold for disconnected graphs. For
example, consider the graph G = K, U Ko, m > 2, with V(G) = {vy,va, ..., 00} U {ug,us},
and E(G) = {vv; | 1 <i <j <m} U{ujus}. One can observe that the singleton partition 7 of
G is a pre-partition for G, where the set {u; } has m pre-partners, while A(G) = m — 1. Hence
we obtain the following result.

Observation 2.2. Let G be a disconnected graph with maximum degree A(G), and let ™ be a
pre-partition of G. If A € 7, then A is in at most A(G) + 1 perfect coalitions. Further, this bound
is sharp.
3. Paths and cycles
In this section, we will determine the perfect coalition number of paths and cycles.
Lemma 3.1. [4|] For any path P,, C(P,) < 6.
Using Lemma [3.T] and Observation 2.1 we have the following.
Corollary 3.1. For any path P,, PRC(P,) < 6.
Theorem 3.1. For the path P,

(1, ifn=1,
2, ifn=2,
0, ifn=23,
PRC(P,) =144, ifn=4,6,8,
3, ifn=25,
5 ifn=7,910,11,13,
\ 6, otherwise.

Proof. Consider the path P, with V(P,) = {v1,vs,...,v,} and E(P,) = {vv;41 : 1 < i <
n — 1}. The result is obvious for n < 4, so we assume n > 5. For the paths P and F, it is easy to
check that P; has no prec-partition of order 5 or 4, and that F; has no pre-partition of order 6 or 5.
Now the partitions {{vy, vs}, {va}, {vs, v4}} and {{vo}, {vs}, {vs, v6}, {v1, v4}} are pre-partitions
for Ps and P, respectively. Therefore, PRC(Ps) = 3 and PRC(Fg) = 4.

346



Perfect coalition in graphs | D.A. Mojdeh and M.R. Samadzadeh

Now let n = 7. By Theorem PRC(P;) # 6. On the other hand, the partition set
{{v2, v}, {v1,v7},{vs}, {va}, {vs}} is a pre-partition for Pr, and so PRC(P;) = 5.

Next assume n = 8. First we show that PRC(FPs) # 6. Suppose the opposite is right. By
Theorem a PRC(Pg)-partition consists of two doubleton sets and four singleton sets, where
each singleton set forms a perfect coalition with a doubleton set, and each doubleton set forms
a perfect coalition with exactly two singleton sets. This contradicts the fact that the vertices v3
and vg are not present in any such perfect coalitions. Hence, PRC(Fs) # 6. Now we show that
PRC(Ps) # 5. Suppose, to the contrary, that PRC(Fg) = 5. Let  be a PRC( Py)-partition with
5 sets. By Theorem [2.2] it suffices to examine the following cases.

7 consists of a tripleton set, a doubleton set and three singleton sets.

Since 7,(FPs) = 3, it follows that each singleton set must form a prc-coalition with a non-
singleton set. Now by Theorem there exist two distinct singleton sets in 7, say Vi,V5,
such that V| forms a prc-coalition with the doubleton set and V5 forms a prc-coalition with
the tripleton set. On the other hand, Fs has six perfect dominating sets of order 4, namely,
N1 = {v1,v2,vs5, 08}, Ny = {v1,v4,05,08}, N3 = {v1, 04,07, 08}, Ny = {v2,05, 06,07},
N5 = {vg,v3,v6,07}, Ng = {v2,v3,v4, 07}, and two perfect dominating sets of order 3,
namely, 71 = {v, v5, vs} and To = {v1,v4, v7}, where N; N T; # ), for each 1 <4 < 6 and
J = 1,2, a contradiction.

7 consists of three doubleton sets and two singleton sets.

Considering the fact that Fs has exactly two perfect dominating sets of order 3, we can easily
derive a contradiction. Hence, PRC'(Ps) # 5.

The partition {{vy, v3, v}, {v1, v, v5}, {v7}, {vs}} is a pre-partition for Py, so PRC(Ps) = 4.
Next assume n = 9. First we show that PRC(Py) # 6. Suppose that the converse is true. By
Theorem [2.2] it suffices to examine the following cases.

* 7 consists of a tripleton set, a doubleton set and four singleton sets.

Since 7,(Py) = 3, each singleton set must form a perfect coalition with a non-singleton
set. Thus, by Theorem [2.2] each non-singleton set must form a perfect coalition with two
singleton sets. But Py has a unique perfect dominating set of order 3, namely {vs, v5,vs}, a
contradiction.

* 7 consists of three doubleton sets and three singleton sets.

Similar to the previous case, we can easily derive a contradiction. Hence, PRC(Py) # 6.

On the other hand, the partition {{vs, vg, vo}, {v1,v4,vs}, {v2}, {vs}, {v7}} is a pre-partition for
Py, so PRC(Py) = 5.

Next assume n = 10. First we show that PRC'(Pyo) # 6. Suppose that the converse is true.
Using Theorem 2.2 and the fact that v,(Pyp) = 4, we only need to examine the case in which 7
consists of two sets of order 3 and four singleton sets. In this case, each singleton set must form
a perfect coalition with a set of order 3, and that each set of order 3 must form a perfect coalition
with exactly two singleton sets. Consequently, there must be four perfect dominating sets (name
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A,B,C and D) of Py, of order 4 such that these sets can be partitioned into two pair, say (A, B) and
(C, D), with the property that the sets in each pair have exactly three vertices in common. But Py
has four perfect dominating sets of order 4, namely V; = {vy, vy, v7,v10}, Vo = {v2,v3, 06,09},
V3 = {wvy, vs, 6, 09} and Vy = {vq, vs5, vs, vg }, where V] has no common vertex with any other sets,
a contradiction. The partition {{vy, v7}, {vy, v10}, {ve, Vo }, {vs, v}, {vs, vs}} is a pre-partition for
Pl(), SO PRC(Plo) = .

Next assume n = 11. Using Theorern the fact that v,(FP;;) = 4 and the fact that P; has
exactly two perfect dominating sets of order 4, namely {vy, vy, v7, v10} and {va, vs, vs, v11 }, it is
not hard to see that, PRC(Py;) # 6.

Now the partition {{vy, v4, vs, v11}, {v2, V3, V6, V10 }, {vs}, {v7}, {ve}} is a pre-partition for Py, so
PRC(Pi1) = 5.

Next assume n = 13. The partition {{v1, v4, v5, Vs, V12 }, {v2, v3, V7, V10, V13 }, {v6}, {vo }, {v11}}
is a pre-partition for Py3, so PRC(Py3) > 5. Now we show that PRC(P;3) # 6. Suppose that the
converse is true. Let m be a PRC(Py3)-partition. Note that P53 has five perfect dominating sets
of order D, namely, Sl = {’Ul, V4, U7, V10, Ulg}, SQ = {Ug, V3, Ug, Vg, Ulg}, S3 = {UQ, U5, Vg, Vg, U12},
Sy = {vq, U5, Vg, Vg, V12}, S5 = {va, U5, vs, V11, V12 }, and twenty perfect dominating sets of order 6,
namely,

M, = {01,027U57U6,U97012}, M, = {U2>U37U67U77U107U13}7 Ms = {01702,1157087119,1112},
M, = {U2,U3,UG,U9,’0107013}, Ms = {017’02,715,118,1)11,1112}, Mg = {712,’03,716,119,1)12,1113},
My = {v1,v4, v5, 8,09, V12}, Mg = {v2,v3, 6, Vg, V12, V13}, Mg = {v1, 04, V5, 08,011, V12 },
My = {U27U37U6;U97U127U13}7 My, = {U17U4;U77U87U11;U12}7 My, = {U2;U57U87U97U127U13}’
Mz = {UhUQ,Ug,UG,Ug,UlQ}, My = {UQ,U3,U4,U7,U10,013}, M5 = {Ul,U4,U57U6,Ug,U12},
Mg = {U2705,UG,U7,U10,013}, M7 = {Ul,U4,U7,U871)9,1112}, Mg = {UQ,Us,U8,097010,013},
Mg = {Ul,U4,U7,U10,011,012},M20 = {712,?)5,?18,1111,?112,?113}

Observe that foreach 1 <7 < 5and 1 < j < 20,5, NM; # (). Now using Theorem and
the fact that ,(P;3) = 5, the only non-trivial cases to examine are as follows.

7 consists of a set of order 5, a set of order 4 and four singleton sets.

By Theorem[2.2] each singleton set must form a prec-coalition with exactly one non-singleton
set, and each non-singleton set must form a prc-coalition with exactly two singleton sets.
Thus, P;3 must contain two perfect dominating sets A and B, such that |[A| = 5, |B| = 6
and A N B = (), a contradiction.

* 7 consists of two sets of order 4, a doubleton set and three singleton sets.
An argument similar to the one used in previous case indicates that this case is also impossi-
ble.

* 7 consists of a set of order 4, a tripleton set, two doubleton sets and two singleton sets.

Considering Theorem and the fact that ,(P;3) = 5, we deduce that each singleton
set must form a prc-coalition with the set of order 4, and each doubleton set must form a

pre-coalition with the set of order 3. This implies that P35 contains four perfect dominating
sets (name A,B,C and D) of order 5 such that AN B = 0, and C N D = () which is a
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contradiction since for each 2 < 7 < j < 5, we have S; N .S; # (). Hence, PRC(Py3) # 6,
and so PRC(Pi3) = 5.

If n > 12, and n = 0 (mod 2), then the partition{V; = {va, v, vo} U {vgg : k > 3} U {vay1 :
k> 3} Ve = {vi,v0, 07} U{vge—r + b > 3} U{vagge 1 B > 3}, Ve = {5}, Vi = {v3}, V5 =
{v10}, Vs = {vs}} is a pre-partition of order 6 for P,.

Finally, if n > 15, and n = 1 (mod 2), then the partition {V; = {wvg,vg, v12} U {vg_1 :
k> A4y U{vgy - k> 44 Vo = {vr, v, 07,010} U {vgg—a + & > 4} U {oger - K > 4}, V5 =
{vs,v8}, Vi = {vs,v6}, Vs = {Vis}, Vs = {vi1}} is a pre-partition of order 6 for P,. Thus the
proof is observed. U

Lemma 3.2. [4] For any cycle C,,, C(C,,) < 6.

Using Lemma [3.2] and Observation 2.1, we have the following.
Corollary 3.2. For any cycle C,,, PRC(C,,) < 6.
Lemma 3.3. Ifn > 9 and n # 11, then PRC(C,,) = 6.

Proof. Consider the cycle C,, with V(C,,) = {v1,va,...,v,} and E(C,,) = {vv;41 1 1 < i <
n — 1} U {vv,}. The partitions

mg = {{v1,v7}, {v2, vs}, {vs, vo}, {va}, {vs}, {vs}},

mi2 = {{v1,v7}, {va, vs}, {3, vo}, {va, v10}, {05, v11 }, {v6, v12}} and

mi5 = {{v1, v7, v1z}, {va, vs, v1a}, {vs, vo, vi5}, {va, vio}, {vs, vi1 ), {ve, vi2}}

are prc-partitions for Cy, C'15 and C5, respectively. Thus, using Corollary we have PRC(Cy) =
PRC(Cy3) = PRC(Cy5) = 6. Now let m = {1}, V4,..., Vi} be a pre-partition for C,,. We say
that 7 is proper, if it has the following properties.

(i) V5 and V3 are prc-partners of V.
(i1) Vs and Vi are pre-partners of V.
(iii) vy € Vi and v, € V.

To complete the proof, we show that if n > 10 and n # 11,12, 15, then C,, has a proper prec-
partition. We proceed by induction on n. Consider the partitions

T10 = {‘/1 = {UlaUSaUS}a ‘/2 = {1)4}7 ‘/3 = {02}7 ‘/4 = {U37U67U10}7 ‘/:’) = {1}7}7 ‘/6 == {U9}}7

T3 = {‘/1 = {vlav5av87vll}7‘/2 = {U2}7‘/ES - {U4}7‘/;l = {037/0677}13}7‘/5 = {’09,’012},‘/6 =
{vr,v10}},

me = {V1i = {v1, 5, v, v11, 014}, Vo = {wa}, Vs = {va, }, Vi = {v3,v6,v16}, Vs = {vg, v12, v15},
‘/6 = {U'y, V10, 1)13}} and

mg = {Vi = {v1,v8, 011,01, 017}, Vo = {vg,vr}, Va = {vo, 05}, Vi = {vs,v6,v9,v10}, Vs =
{v12,v15, v18}, Vo = {v10, 13, V16 } }-

These partitions are respectively, proper prc-partitions for Cg, Ci3, Cig and Cig. This establishes
the base case. Now assume that 7 = {V}, V4, ..., V5} is a proper pre-partition for Cy. Consider
the partition 7’ = {Vi U {vgs1, Vkra}, Vo, Va3, Vi U {vks3, Vksa}, Vs, Vs }. One can observe that 7/
is a proper prc-partition for C'y4. This completes the proof. 0
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Theorem 3.2. For the cycle C,,

n, t1fn=34,6,

3, i1fn=2>,
PRC(C,) =<4, ifn=S8,

5 ifn="711,

6, otherwise.

\

Proof. Consider the cycle C,, with V(C,,) = {v1,v2,...,v,} and E(C,) = {vvizg 1 1 < i <
n — 1} U {vv,}. The result is obvious for n € {3,4,6}. Now let n = 5. Note that the singleton
vertex partition of C5 is not a pre-partition for Cs, so PRC(C5) # 5. Note also that since C
has no perfect dominating set of order 2, it follows from Theorem that PRC(C5) # 4. The
partition {{v; }, {ve, v3}, {v4, vs5}} is a pre-partition for Cs, so PRC(C5) = 3.

Next assume n = 7. Considering Theorem[2.2]and ,(C7) = 3, we deduce that PRC/(Cr) # 6.
Now we show that PRC(C7) = 5. Let @ = {Vq, V5, V3, Vy, Vs} where Vi = {vy, 07}, Vo =
{va,v6}, V3 = {vs}, Via = {vs}, V5 = {vs}. Then 7 is a pre-partition for C.

Next assume n = 8. Considering Theorem and 7,(Cs) = 4, it is not difficult to see that
PRC(Cg) # 6, and that PRC(Cs) # 5. The partition {{vy, va, vs}, {vs}, {vs, va, v7}, {vs}} is a
pre-partition for Cs, so PRC(Cy) = 4.

Next assume n = 11. Considering Theorem and 7,(C11) = 5, it is not difficult to see
that PRC(C11) # 6. The partition {{vy, vy, vs, v11}, {ve, U3, V6, V10}, {vs}, {vo}, {vr}} is a pre-
partition for C';, so PRC(Cy1) = 5.

Finally, applying Lemma 3.3 the desired result follows. ]

4. Graphs with large perfect coalition number

Our aim 1n this section is to characterize graphs with large perfect coalition number in some
families of graphs. The following observation characterizes disconnected graphs with maximum
perfect coalition number.

Observation 4.1. Let G be a disconnected graph of order n. Then PRC(G) = n if and only if
G ~ K, U K,, for some positive integers r, s > 1.

4.1. Graphs G with §(G) = 1 and PRC(G) = |V (G)|
In this subsection, we characterize graphs with minimum degree one and with maximum per-
fect coalition number. For this purpose, we define the family of graphs 3 as follows.

Definition 4.1. Let G be a graph with §(G) = 1. Let x be a leaf of G and let y be the support
vertex of x. Then G € B, if and only if G has the following properties.

(i) N(y) is an independent set of G.
(ii) V(G) \ (N(y) U{x,y}) induces a clique in G.
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(i) [N(y)\ {x}, V(G) \ (N(y) U {x,y})] is full

Theorem 4.1. Let G be a connected graph of order n with §(G) = 1. Let x be a leaf of G, and let
y be the support vertex of v. Then PRC(G) = n if and only if either G = K, or G € B.

Proof. Clearly, PRC(K5) = 2. Now assume that G € B. Consider the singleton partition 7; of
G. Observe that for each vertex v € N(y) \ {x}, the set {v} forms a pre-coalition with {y}, and for
each vertex v € V(G) \ N(y) U {x,y}, the set {v} forms a pre-coalition with {z}. Hence, 7 is a
pre-partition of G, and so PRC(G) = n. Conversely, assume PRC(G) = n. Let A = N(y) \ {x},
and B = V(G) \ (AU {xz,y}). f A = 0 and B = ), then G = K, as desired. Now assume
G # K,. Since G is connected, we have A # (). Note also that B # (), for otherwise, G would
be a star, and so G would have no P RC-partition. Now consider the P RC(G)-partition ;. Since
N(x) = {y}, each setin m \ {{z}, {y}} must form a pre-coalition with {z} or {y}, to dominate
x. Now for each v € A, the set {v} cannot form a prc-coalition with {x}, since y has more than
one neighbors in {v,z}. Thus, {v} forms a pre-coalition with {y}, implying that [A, B] is full.
Note also that v has no neighbor in A, for otherwise, {v, y} would not be a perfect dominating
set. Therefore, A is an independent set in GG. Further, for each u € B, the set {u} must form a
pre-coalition with {z}, since {u,y} is not a perfect dominating set. Since [{z}, B] is empty, it
follows that B induces a clique in G. Hence, G € B. O]

4.2. Triangle-free graphs G with PRC(G) = |V (G)|
In this subsection, we characterize all triangle-free graphs with maximum perfect coalition
number. For this purpose, we define the families of graphs 7; and 75 as follows.

Definition 4.2. Let Ty represent the family of bipartite graphs H — M, where H = K, , is a
complete bipartite graph with r > 2, and M is a perfect matching in H.

Definition 4.3. Let T, represent the family of bipartite graphs H — M, where H = K, ; is a
complete bipartite graph with r,s > 2, and M (possibly empty) is a matching in H such that
| M| < min{r,s}.

Figure [1]illustrates some examples of graphs in 7; U 75, where the vertices involved in M are
colored red.

Theorem 4.2. Let G be a triangle-free graph of order n > 4. Then PRC(G) = n if and only if
GeThUTs.

Proof. Suppose that G € T; U Ta. Let Ky = {vi,vs,..., vk, } and Ky = {ug, ug, ..., Uk, }
denote the partite sets of GG. First assume G € 7;. Assume, without loss of generality, that w;v; ¢
E(G), for each 1 < 4 < 2. Now observe that the singleton partition 7, of G is a prc-partition
for G, where the sets {u;} and {v;} are prc-partners, for each 1 < i < . Thus, PRC(G) = n.
Now assume G € 7,. Consider the singleton partition 71 of (G. Further, assume that the vertices
v; € K and uy; € K, are not saturated by M. Now for each v; € K, if degg(v;) = |Kal,
then the set {v; } forms a prc-coalition with {u, }, otherwise, {v; } forms a prc-coalition with {u;},
where v;u; ¢ E(G). By symmetry, we can show that each singleton subset of K, has also a pre-
partner in ;. Hence, 7 is a pre-partition for G, and so PRC(G) = n. Conversely, Assume that
PRC(G) = n. We proceed with proving the following claims.
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(a) A graphin 77. (b) A graph in 7T3. (c) A graphin 73.

Figure 1: Some graphs in 73 U 7s.

Claim 1. g(G) <6.

Proof. Suppose to the contrary that, g(G) > 7. Let C be a cycle of G with order g(G). Since C'
has no perfect dominating set of order 2, it follows that for any vertex v € V' (C), the set {v} is not
a pre-partner of any set {u} C V/(C), so it must be a pre-partner of a set {u} C V(G) \ V(CO).
Thus, {u} dominates V' (C') \ N.[v], implying that G contains triangles, a contradiction.

An argument similar to the one presented above shows that g(G) # 5.

Claim 2. Ifg(G) = 6, then G = Cs.

Proof. Suppose to the contrary that, G # Cg. Let C' be a cycle of order 6 in GG, and let v €
V(G) \ V(C). Note that the set {v} cannot form a prec-partition with any set {u} C V(C), for
otherwise, {v} would dominate V' (C') \ N[u], and so triangles would be created. Hence, {v} must
form a pre-coalition with a set {u} C V(G)\ V(C'). Now since each vertex in V' (C') is dominated
by {u,v}, we can find a vertex in {u,v} having at least three neighbors in V' (C'), which creates
cycles of order 3 or 4, a contradiction. Hence, G = C, and so G € Ti.

Note also that if G has no cycle, then it follows from Observation 4.1| and Corollary that
G € T UTs. Hence, for the rest of the proof, we may assume that g(G) = 4. Consider the
singleton PRC(G)-partition 7. Let C be a 4-cycle in G with V(C') = {x,y, z,t} and E(C) =
{zy,yz, zt, tx}. We distinguish two cases.

Case 1. The set {z} forms a prc-coalition with a singleton subset of V' (C).

Observe that {x} cannot form a prc-coalition with {2z}, so we may assume, by symmetry, that the
sets {z} and {y} are prc-partners. Define A = N(x) \ {t,y} and B = N(y) \ {x,z}. Observe that
AN B = (). Now we consider the following subcases.

Subcase 1.1. A = () and B = 0. It follows that G = C,, and so G € T5.

Subcase 1.2. A # () and B = (). If [{z}, A] is full, then G € T, as desired. Hence, we may
assume that [{z}, A] is not full. Let v € A such that vz ¢ E(G). Note that the set {v} has no
pre-partner in {{z}, {y},{t}}. Now if A = {v}, then G € T, as desired. Hence, we may assume
A # {v}. Note that [{z}, {A\ {v}] is full, for otherwise {v} would have no prc-partner. Hence,
G eTs.

Subcase 1.3. A = () and B # (). Similar to the previous subcase, we can show that G € Ts.
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Subcase 1.4. A # () and B # (). Consider arbitrary vertices v € A and u € B. Observe that
{v} has no pre-partner in {{t}, {y}}. Now it is not hard to verify that either |[{v}, {z, 2} U B]| =
|B| + 2, or |[{v}, {2, 2} U B]| = |B| + 1. Similarly, we can show that either |[{u},{y,t} U A]| =
|A| + 2, or |[{u},{y,t} U A]| = |A| + 1. Consequently, G is a bipartite graph with partite sets
AU {y,t} and B U {z, z} satisfying all properties of Definition[4.3] Hence, G € Ts.

Case 2. The set {x} does not form a prec-coalition with any singleton subset of V' (C).

Let {e} be a pre-partner of {z}. Define A = N(x) \ {y, t,e} and B = N(e) \ {z,x}. Observe that
ez € E(G) and AN B = (). We consider the following subcases.

Subcase 2.1. A = () and B = (. It is clear that G € 73, as desired.

Subcase 2.2. A = () and B # (). Note that the set {y} (or {¢}) must form a prc-coalition with
either a member of {{z}, {z}}, or a singleton subset of B, implying that either [{y}, B] is full, or
I[{y}, B]| = |B| — 1. Now if ze € E(G), then for any subset {u} C B, the set {u} must have a
pre-partner in {{y}, {t}, {e}}, implying that either [{u}, {y,t,e}] is full, or |[{u},{y,t, e}]|| = 2.
Otherwise, for any subset {u} C B, the set {u} must have a pre-partner in {{y}, {t}}, implying
again that either [{u}, {y,t,e}] is full, or |[{u}, {y,t,e}]| = 2. Hence, G is a bipartite graph with
partite sets {y, ¢, e} and B U {z, z}, satisfying all properties of Definition[4.3] and so G € Ts.

Subcase 2.3. A # () and B = (). Note that for any subset {v} C A, the set {v} must have a prc-
partner in {{z}, {z}}, implying that either [{v}, {x, z}] is full, or |[{v}, {z, z}]| = 1. Now if the
set {z} has a pre-partner in {{y}, {t}, {e}}, then [{z}, A] is full. Otherwise, {z} must form a prc-
coalition with a singleton subset in A, implying that either [{z}, A] is full, or |[{z}, 4]| = |A] — 1.
Note also that the set {y} must have a pre-partner in {{z}, {z}}. Thus, if {2} has no prc-partner
in {{y},{t}, {e}}, then {y} must form a prc-coalition with {x}, implying that ze € E(G), and
so [{z},{y,t, e} U A] is full. Consequently, G is a bipartite graph with partite sets {z, z} and
AU {y,t, e}, satisfying all properties of Definition[4.3] and so G € T5.

Subcase 2.4. A # () and B # (). Note that for any subset {u} C B U {z}, the set {u} must
form a pre-partner with either a member of {{y}, {t},{e}}, or a singleton subset of A, implying
that either [{u}, AU {y,t,e}] is full, or |[{u}, AU {y,t,e}]| = |A| + 2. Further, for any subset
{v} € AU {y,t}, the set {v} must form a prc-partner with either a member of {{x},{z}}, ora
singleton subset of B, implying that either [{v}, BU{z, z}] is full, or |[{v}, BU{x, z}]| = |B|+1.
Hence, G is a complete bipartite graph with partite sets K1 = AU {y,t,e} and Ky = BU {z, z}
such that each vertex in K has degree either | K3| or | K| — 1, and each vertex in K5 has degree
either | K| or | 1| — 1. To complete the proof, we show that if /& contains a vertex of degree | K5/,
then so does K, and vice versa. Assume first that K| contains a vertex v with deg(v) = |Ks|. If
v = e, then the desired result follows. Hence, we may assume v # e, implying that ze ¢ FE(G).
Now the set {v} must form a pre-coalition with {z} or a singleton subset {u} C B, implying,
respectively, that [{z}, A] is full, or [{u}, A U {y,t}] is full, as desired. Conversely, assume Ko
contains a vertex v with deg(v) = |Ki|. If v = z, then the desired result follows. Hence, we
may assume v # x, implying that ze ¢ E(G). Now the set {v} must form a prc-coalition with
a member of {{y},{t}}, say {y}, or a singleton subset {u} C A, implying, respectively, that
{y}, B] is full, or [{u}, B U {z}] is full, as desired. Hence, G € 7; U 75. This completes the
proof. [
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4.3. Trees with large perfect coalition number

In this subsection, we investigate trees with large perfect coalition number. As an immediate
result from Theorem .1} we have the following.

Corollary 4.1. Let T be a tree of order n. Then PRC(T') = n if and only if T € { Py, Py, P, }.
We define the tree R as shown below.

(%1

V2
U3 UVyq
Us Vg

Figure 2: The tree R.

Theorem 4.3. If T # P, is a tree of order n > 2, then PRC(T) < n — 2 with equality if and only
if T' € {Ps, Ps, P, R}

Proof. By Corollary 4.1, PRC(T) # n. Now we prove the following claim.
Claim 1. PRO(T) #n — 1.

Proof. Suppose, to the contrary, that PRC(T) = n — 1. Since stars are the only trees with a full
vertex, and stars have no pre-partition, it follows that 7" has no full vertex. Let 7 be a PRC(T)-
partition. Note that 7 consists of a doubleton set, say {u, v}, and n — 2 singleton sets. Let the set
{z} be a pre-partner of {u, v}. Further, let A and B denote the set of vertices in V(7') \ {z,u, v}
that are dominated by {z} and {u, v}, respectively. Since {x, u, v} is a perfect dominating set of
T, we have A N B = (). Also, since {u,v} is not a dominating set, it follows that A # (). Now
we show that B # (). Suppose that the converse is true. Since T is connected, z has a neighbor in
{u,v}. if wv € E(T), then it is easy to check that for any set {a} C A, {a} has no prc-partner.
Hence, we may assume that uv ¢ F/(7T). Now it follows from connectedness of 7" that [{z }, {u, v}]
is full, implying that {z} is a full vertex, a contradiction. Hence, B # (). Let {a} be an arbitrary
singleton subset of A. Now we consider the following cases.

Case 1. wv € E(T) and [{z}, {u,v}] # 0.

We may assume, by symmetry, that xv € E(T"). Since u is not dominated by {a} U {z}, the
sets {a} and {z} are not prc-partners. Further, since x has two neighbors in {a} U {u, v}, the sets
{a} and {u,v} are not prc-partners. Note also that for any singleton subset {b} C B, {a} and
{b} are not prec-partners, for otherwise, a cycle or cycles would be created. Hence, {a} has no
pre-partner, a contradiction.

Case 2. uv ¢ E(T) and [{z}, {u,v}] # (). We divide this case into two subcases.

Subcase 2.1. |[{z}, {u,v}]| = 1.
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We may assume, by symmetry, that zv € E(T'). Since u is not dominated by {a}U{z}, the sets
{a} and {z} are not prc-partners. Further, since = has more than one neighbors in {a} U {u, v},
the sets {a} and {u,v} are not pre-partners. Note also that no singleton subset of B dominates
{u,v} implying that no singleton subset of B can form a perfect coalition with {a}. Hence, {a}
has no prc-partner, a contradiction.

Subcase 2.2. |[{z}, {u, v}]| = 2.

Since z has more than one neighbors in {a} U {u,v}, the sets {a} and {u, v} are not pre-
partners. Further, no singleton subset of B dominates {u, v} implying that no singleton subset of
B can form a perfect coalition with {a}. Not also that the sets {a} and {z} are not prc-partners,
for otherwise, a cycle or cycles would be created. Hence, {a} has no prc-partner, a contradiction.

Case 3. [{z}, {u,v}] is empty.

Since T is connected, [A, B] # (). Let ab € E(T), where b € B. Since u is not dominated
by {a} U {z}, the sets {a} and {z} are not prc-partners. Further, since b has more than one
neighbors in {a} U {u, v}, the sets {a} and {u, v} are not pre-partners. Note also that no singleton
subset of B dominates {u, v} implying that no singleton subset of B can form a perfect coalition
with {a}. Hence, {a} has no prc-partner, a contradiction. Hence, PRC(T) # n — 1, and so
PRC(T) <n-—2.

Now we prove the second part of the theorem. By Theorem[3.2} PRC(P5) = 3, PRC(Fs) = 4
and PRC(P;) = 5. Also, the partition {{v;}, {va}, {vs, vs}, {vs, v6}} is a pre-partition for R, so
PRC(R) = 4. Conversely, assume that PRC(T) = n — 2. Let m be a PRC(T)-partition.
Consider two cases.

Case 1. 7 consists of a tripleton set {u, v,t}, and n — 3 singleton sets.

We show that this case is impossible. Suppose that the converse is true. Let the set {z} be a
pre-partner of {u, v,t}. Further, let A and B denote the set of vertices in V (T') \ {z, u,v,t} that
are dominated by {z} and {u,v,t}, respectively. Since {x,u,v,t} is a perfect dominating set of
T, we have AN B = (). Since {u,v,t} is not a dominating set, it follows that A # (). Now we
show that B # (). Suppose that the converse is true. Since 7" is connected, = has a neighbor in
{u,v,t}, implying that for any set {a} C A, {a} cannot form a prc-coalition with {u, v, t}. Thus,
{a} must form a pre-coalition with {z}, implying that [{z}, {u,v,t}] is full. Thus, z is a full
vertex, which is a contradiction. Hence, B # (). Let {a} and {b} be arbitrary singleton subsets
of A and B, respectively. Since b has exactly one neighbor in {u,v,t}, and a has no neighbor
in {u,v,t}, it follows that {a} cannot be a pre-partner of {b}. Now we show that the sets {a}
and {x} are not prc-partners. Suppose that the converse is true. It follows that [{x}, {u,v,t}]
is full, and that b € E(T'). By symmetry, we may assume that bu € E(7"). Now observe that
the set {z,u,b,a} induces a cycle, a contradiction. It remains to show that {a} cannot form a
pre-partition with {u, v, t}. If x has a neighbor in {u, v, ¢}, then z has more than one neighbors
in {a} U {u,v,t}, implying that the sets {a} and {u,v,t} are not prc-partners. Hence, we may
assume that [{z}, {u,v,t}] = (). Since T is connected, it follows that a has a neighbor in B. Let
ab € E(T). Now we observe that b has more that one neighbors in {a} U {u,v,t}. Hence, {a}
cannot form a pre-partition with {u, v, t}, and so this case is impossible.

Case 2. 7 consists of two doubleton sets, say {u, v} and {¢, z}, and n — 4 singleton sets.

We divide this case into two subcases.

Subcase 2.1. {u,v} and {t, z} are prc-partners.
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Let A and B denote the set of vertices in V(T) \ {u,v,t, z} that are dominated by {u, v} and
{t, z}, respectively. Since {u, v, t, 2} is a perfect dominating set of 7', we have AN B = (). Observe
that the sets A and B cannot both be empty sets.

Claim 2. I[f A=, thenT = P.

Proof. Since {t,z} is not a dominating set, there exists a vertex in {u, v}, say u, that has no
neighbor in {t, z}. Now since T is connected, it follows that uv € E(T'), and that v has a neighbor
in {t,z}. Assume, by symmetry that, vt € E(T). Let {b} be an arbitrary singleton subset of B.
Since {b} is not a prc-partner of {¢, z}, it must form a pre-coalition with {u, v}, implying that
tb ¢ E(T), and that [{z}, {u,v}] = 0. Choosing b arbitrarily, we deduce that ¢ has no neighbor in
B, implying that [{z}, B] is full. Now, for T" to be connected, we must have ¢tz € E(T). Note also
that B = {b}, for otherwise {b} would have no prc-partner. Hence, T' = Ps.

By symmetry, if B = (), then T' = P;5. For the rest of this subsection, we may assume that
A # () and B # (. Let {a} and {b} be arbitrary singleton subsets of A and B, respectively.
Note that [{u, v}, {t, z}] # 0, for otherwise, it is easy to verify that the set {a} would not have a
prc-partner.

Claim 3. [{t}, {u,v}] is not full.

Proof. Suppose that the converse is true. Assume, by symmetry, au € E(T'). Observe that no
singleton subset of A can form a pre-coalition with {a}. Since u has more than one neighbors
in {a} U {t, 2}, the sets {a} and {¢, z} are not prc-partners. Further, since ¢ has more than one
neighbors in {u, v}, the sets {a} and {u, v} are not prc-partners, and since {a} has exactly one
neighbor in {u, v}, no singleton subset of B can form a prc-coalition with {a}. Hence, {a} has no
prc-partner, a contradiction.

Therefore, by symmetry, none of the sets [{z}, {u, v}], [{u}, {t, z}] and [{v}, {¢, z}] are full.

Claim 4. If|[{u,v},{t,z}]| = 1, then T = F.

Proof. Let by symmetry that, [{u, v}, {t, z}] = {vt}. Observe that A = {a} and B = {b}. So, itis
not hard to verify that the set {a} can only form a pre-partition with {¢, z}, so [{a}, {u,v}] = {au}.
By symmetry, [{b}, {t, z}] = {bz}. Further, note that ab ¢ E(T), for otherwise, b would have more
than one neighbors in {a}U{t, 2}, contradicting the fact that {a} and {¢, z} are prc-partners. Thus,
for T to be connected, we must have {uv,tz} C E(T),andso T = Fs.

Finally, we may assume by symmetry that, [{u, v}, {t, z}] = {vt,uz}. Assume by symmetry
that, av € E(T'). Since v has more that one neighbors in {t,z} U {a}, the sets {t,z} and {a}
are not pre-partners. Further, Observe that {a} cannot form a prec-coalition with any singleton
subset of B. Hence, {a} must form a prc-coalition with {u, v}, implying that ab € E(T). Thus,
bt ¢ E(T),andso bz € E(T). Since |A| = |B| =1,T = .

Subcase 2.2. {u, v} and {t, z} are not prc-partners.

Let {w} be a pre-partner of {u,v}. Let A and B denote the set of vertices in V/(T') \ {u, v, w}
that are dominated by {w} and {u, v}, respectively. Since {u, v, w} is a perfect dominating set of
T, we have A N B = (). Also, since the set {u,v} is not dominating sets, it follows that A # 0.
Now we show that B # (). Suppose, to the contrary, that B = (). Let {a} C A. Since {w} is not a
dominating set, [{w}, {u, v}] is not full. Now since 7" is connected, it follows that uv € E(T") and
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that w has a neighbor in {u, v}. Assume, by symmetry, vw € FE(T'). Now observe that the set {a}
has no prc-partner, a contradiction.

Claim 5. {t,2} ¢ A.

Proof. Suppose, to the contrary, that {¢,z} C A. Observe that {¢, z} cannot form a prc-partition
with any singleton subset of A. Also by our assumption, the sets {u, v} and {¢, z} are not prc-
partners. Further, for any arbitrary singleton subset {b} C B, since b has one neighbor in {u, v},
it follows that the sets {b} and {¢, z} are not prc-partners. Note also that {t, z} does not form a
pre-partition with {w}, for otherwise, a cycle or cycles would be created. Hence, the set {t, z} has
no prec-partner, a contradiction.

Claim 6. |A| <2.

Proof. Suppose, to the contrary, that |A| > 3. Let {a,c¢,d} C Asuchthata ¢ {¢,z}. Assume first
that [{w}, {u,v}] is full. Observe that the set {a} cannot form a prc-coalition with any singleton
subset of A or B. Further, since w has more than one neighbors in {a} U {u, v}, it follows that the
sets {a} and {u, v} are not pre-partners. Note also that {a} does not form a prc-partition with any
member of {{w}, {¢, z}}, for otherwise, it is easily seen that a cycle or cycles would be created.
Thus, {a} has no pre-partner, a contradiction. Hence, we may assume that [{w}, {u, v}] is not
full. It is easy to verify that {a} cannot form a prc-coalition with any member of {{w}, {u, v}}, or
any singleton subset of AU (B \ {¢, z}). Hence, {a} must form a prc-coalition with {¢, z}. Note
that if {t,z} N A # (), then {a} cannot form a prc-coalition with {¢, 2z}, so {¢t,2} N A = (. By
symmetry, each vertex in {c¢, d} must form a prc-coalition with {¢, z} as well. Thus, each vertex in
{a, ¢, d} has a neighbor in {¢, z}, so there exists a vertex in {¢, z} having more that one neighbors
in {a, ¢, d}, which creates cycle, a contradiction.

Claim 7. If |A| = 2, then B = {t, z}.

Proof. First we show that {¢,z} N A = (). Suppose, to the contrary, that {¢, 2} N A # (). Let by
symmetry that ¢ € A, where A = {t,a}. Now it is not hard verifying that the set {a} has no prc-
partner, a contradiction. Now we show that B = {¢, z}. Suppose, to the contrary, that B # {t, z}.
Letb € B\{t,z} and A = {a, c}. Assume first that [{w}, {u, v}] is full. It is easy to check that the
set {b} cannot form a pre-coalition with any member of {{u, v}, {¢, z}}, or any singleton subset of
AU (B\ {t, z}). Further, {b} does not form a prc-coalition with {w}, for otherwise, [{b}, {t, z}]
would be full, and so we would have cycle. Thus, {b} has no pre-partner, a contradiction. Hence,
we may assume that [{w}, {u, v}] is not full. It is easy to verify that no singleton subset of A has
a pre-partner in {{w}, {c}, {u,v}}, implying that each of them must form a prc-coalition with
{t, z}. Thus, both a and b have a neighbor in {, z}, which contradicts the fact that T" is a tree.

Now assume that [A] = 2, and so B = {t,z}. Let A = {a,b}. Observe that the set {a}
(or {b}) cannot form a prec-coalition with any member of {{w}, {u,v}}, so it must form a pre-
coalition with {t,z}. So, in order to avoid cycles, we must have T'[{a,b,t,2}] = Ky U Kj,
TH{u,v,t, 2} = Ko U Ky and E(T[{u,v,w}]) = (. Hence, T ~ P.

Claim 8. If |A| = 1, then |B| < 3.
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Proof. Suppose, to the contrary, that |B| > 4. Let {¢,d} C B\ {t,z}. We proceed with the
following claims.

Claim 8.1. [{w}, {u,v}] is not empty.

Proof. Suppose, to the contrary, that [{w}, {u,v}] = 0. If {¢, 2} N A = 0, then it is easy to check
that the set {c¢} has no prec-partner, a contradiction. Hence, we may assume {¢, 2z} N A # (). Let
by symmetry that A = {t}. One can verify that the set {c} cannot form a prc-coalition with
any member of {{u,v},{w}} or any singleton subset of B, implying that {c} must form a prc-
coalition with {¢, z}. Let B = {c¢,d, e, z} and let by symmetry that zv € E(T'). Now the cycle
T{t, e, u,d}| would be created, a contradiction.

Claim 8.2. [{w}, {u,v}] is not full.

Proof. Suppose that the converse is true. If {¢, 2} N A = (), then it is not hard verifying that the
set {c} has no prec-partner, a contradiction. Hence, we may assume, by symmetry, that A = {t}.
Observe that the set {c} cannot form a pre-coalition with {u, v} or any singleton subset of B. Note
also that {c} has no pre-partner in {{w}, {t, z} }, for otherwise, a cycle or cycles would be created.
Hence, {c} has no prc-partner, a contradiction.

Hence, we may assume |[{w}, {u,v}]| = 1. Let by symmetry that vw € E(T). Assume first
that {t,z} N A = (. Let A = {a}. It is easily seen that the set {a} cannot for a prc-partition with
any member of {{w}, {u,v}} or any singleton subset of B. Thus, it must form a prc-coalition
with {¢, z}, implying that T'[{u, v, t, 2}] = K3 U K,. Observe that the set {c} cannot form a prc-
coalition with any member of {A, {t,z}} or any singleton subset of B. Note also that the sets
{c} and {w} are not prec-partners, for otherwise, [{c}, {¢, z, u}] would be full, and so we would
have a cycle, a contradiction. Thus, {c} must form a prec-coalition with {u, v}. By symmetry, {d}
must form a pre-coalition with {u, v} as well. Therefore, [{a}, {c, d}] is full, creating a cycle or
cycles, a contradiction. Hence we may assume, by symmetry, that A = {¢}. Note that the set {¢, z}
cannot form a prc-coalition with any singleton subset of B, for otherwise, a cycle or cycles would
be created. Further, observe that {¢, z} does not form a prc-coalition with {w}. Hence, {t, z} has
no pre-partner, a contradiction. This completes the proof of Claim 8. To complete the proof of
theorem, we consider the following claims.

Claim 9. If|A| = L and |B| = 2, then T € {P;, R}.

Proof. First assume A N {t,z} = 0. Let A = {a}. It is easy to verify that {a} cannot form
a pre-coalition with any member of {{w}, {u,v}}, so it must form a prec-coalition with {¢, z},
implying that each vertex in {¢, z} has a distinct neighbor in {u,v}. If [{w}, {u,v}] is full, then
T ~ R. Otherwise, suppose first that [{w}, {u,v}] is empty. Since 7" is connected, a has a
neighbor in {¢, z}. If [{a}, {t, z}] is full, then T ~ R. Otherwise, either uv € E(T) ortz € E(T),
implying that either 7' ~ R or T' ~ Ps. Now suppose, by symmetry, that [{w}, {u,v}] = {vw}
and zv € E(T). If a has no neighbor in {¢, z}, then either wv € E(T) or tz € E(T), implying
that either 7" ~ R or 7" ~ F;. Otherwise, we have at € E(T), and so 7' ~ Ps. Next assume
AnNAt, z} # (). Let by symmetry that A = {t} and B = {b, z}. Suppose first that [{w}, {u,v}] =
(). Then the set {b} must form a prc-coalition with {¢, 2z}, implying that each vertex in {b, z} has a
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distinct neighbor in {u, v}. Since T is connected, ¢ has a neighbor in {b, z}. Let by symmetry that
tz € E(T). Now for T to be connected, we must have either bz € E(T) or uv € E(T), implying
respectively that either 7' = R or T' = Ps. Next observe that if [{w}, {u,v}] is full, then T = R.
Finally, suppose that |[{w}, {u,v}]| = 1. Let by symmetry that wv € E(T). If the set {t, z} forms
a pre-coalition with {w}, then zu € E(T'). In this case, either tz € E(T) or bz € E(T), implying
that T = Ps. Otherwise, {¢, z} must form a prc-coalition with {b}. In this case, it is easy to verify
that either 7' =R or T = F;.

Claim 10. If |A| = 1 and |B| = 3, then T = P;.

Proof. First assume AN {t,z} = 0. Let A = {a} and B = {t, z,b}. If [{w}, {u,v}] = 0, then
it is easy to check that the set {b} has no prc-partner, a contradiction. Else if [{w}, {u, v}] is full,
then considering the fact that 7" has no cycles, we observe that the set {a} has no prec-partner, a
contradiction. Hence, we may assume, by symmetry, that [{w}, {u,v}] = {vw}. Note that the
set {a} can only form a prc-coalition with {¢, z}, implying that each vertex in {¢, 2} has a distinct
neighbor in {u,v} and that b is dominated by {a} U {t,z}. If ab ¢ E(T), then it is not hard
verifying that the set {b} would have no prc-partner, so ab € E(T), implying that ub € E(T),
and so T' ~ P;. Now assume A N {t, z} # (). Let by symmetry that A = {t}, B = {z,b,c} and
vz € E(T). We show that [{w}, {u,v}] # (. Suppose the opposite is right. Observe that each
of the sets {b} and {c} cannot form a prc-coalition with any member of {{w}, {u,v}}, implying
that they must form a pre-coalition with {¢, z}, which is again impossible since a cycle would be
created. Note that [{w}, {u,v}] is not full, for otherwise, it is easy to check that the set {¢, z}
would have no pre-partner. Hence, we may assume, by symmetry [{w}, {u,v}] = {vw}. Note
that no member of {{t, z}, {b}, {¢}} can form a prc-coalition with {w}, for otherwise, we would
have more that six edges, contradicting the fact that T" is a tree. Thus, each of the sets {b} and {c}
must form a pre-coalition with {¢, 2}, which is again impossible since we would have more than
six edges. This completes the proof. [

5. Discussion and conclusions

In this paper, we introduced the notion of perfect coalitions in graph, which extends the notion
of coalitions in graphs. We obtained an upper bound on the number of coalitions involving any
member in a pre-partition of a graph. This helped us determine the perfect coalition number of
paths and cycles. We also obtained some results regarding graphs with large perfect coalition
number. We end the paper with the following open problems.

Problem 1. Characterize graphs admitting a prc-partition.
Problem 2. Characterize graphs G in which the equality PRC(G) = C(G) holds.
Problem 3. Characterize graphs G' with 6(G) = 2 and PRC(G) = |V (G)|.
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