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Abstract

A tree in an edge-colored connected graph GG of order n, where adjacent edges may be colored
the same, is a rainbow tree if no two of its edges have the same color. Let £ be an integer with
2 < k < n. An edge-coloring of G is called a strong k-rainbow coloring of G if for every
S C V(G) with | S| = k, there exists a rainbow tree of minimum size connecting S. The minimum
number of colors that are needed such that G admits a strong k-rainbow coloring is called the strong
k-rainbow index of GG, denoted by srxy(G). In this paper, we study the srxs of corona product
between two connected graphs G and H, denoted by G H. We first provide an algorithm to define
a strong 3-rainbow coloring of G ® H. Hence, we obtain a sharp upper bound for srz;(G © H).
We also characterize graphs H with sra3(7T,, © H) equals the upper bound.
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1. Introduction

Consider a communication network consisting of several people, where every pair of people is
expected to exchange information securely. To achieve this, a secure communication line connect-
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ing them can be established by assigning passwords to the line, possibly involving other people as
intermediaries, so that no password is repeated. This is easy to achieve if the number of passwords
is unrestricted. However, in practice, economic considerations must also be taken into account.
Therefore, the number of passwords should be kept as small as possible. This situation can be
modeled by a graph, where the minimum number of passwords required is represented by the
rainbow connection number rc of a graph, first introduced by Chartrand et al. in 2008 [10].

Throughout this paper, all graphs are simple, finite, and connected. We follow the terminology
and notation of Diestel [13]. Let GG be an edge-colored graph of order n > 3, where adjacent edges
may receive the same color. The order and size of G are denoted by |G| and ||G||, respectively.
The maximum degree of GG and the set of neighbors of a vertex v in G are denoted by A(G) and
Ng(v), respectively.

In [8], Caro et al. conjectured that computing rc(G) is NP-hard. This conjecture was later
proved by Chakraborty et al. [9]. They also showed that deciding whether a given edge-colored
graph is rainbow-connected (i.e., whether for every pair of vertices v and v there exists a u—v
path whose edges have distinct colors [10]) is NP-complete. Various bounds, algorithms, and
computational complexity results for r¢(G) have also been studied by other authors; see [18, 19,
20]. For additional results on the rainbow connection number, the readers are referred to [10, 14,
15,17, 24, 25, 27, 28].

Chartrand et al. [11] introduced a generalization of the rainbow connection number. A tree in
G is called a rainbow tree if no two of its edges share the same color. Throughout this paper, let
k be an integer with 2 < k < n and let S C V(G) with |S| = k. A rainbow S-tree is a rainbow
tree connecting all vertices of S. When S = {u, v}, the rainbow S-tree is simply a rainbow u—v
path [10]. The minimum number of colors required in an edge-coloring of G such that there exists
a rainbow S-tree for every k-subset S of V(G) is called the k-rainbow index of GG, denoted by
rzy(G). In particular, if S = {u, v} then rz5(G) = rc(G). Hence, for every nontrivial connected
graph G of order n, it holds that r¢(G) = rza(G) < rax3(G) < --- < ra,(G).

The minimum size of a tree connecting S is called the Steiner distance of S, denoted by d(S5).
The k-Steiner diameter of G, denoted by sdiamy(G), is defined as the maximum Steiner distance
among all k-subsets S of V(G). If S = {u, v}, then d(S) = d(u, v), that is, the length of a shortest
u—~v path in G, and sdiamy(G) = diam(G), which is the largest distance between two vertices of
G. Hence, diam(G) = sdiamy(G) < sdiams(G) < --- < sdiam,,(G). In [11], Chartrand et
al. showed that for every connected graph GG of order n > 3 and each integer k£ with 3 < k < n,
k —1 < sdiamg(G) < rz(G) < n — 1. They also proved that the rx;, of trees attains the upper
bound n — 1, while for unicyclic graphs, the value of rxy, is either n — 1 or n — 2. Consequently,
Li et al. [21] characterized graphs whose rz3 equals n — 1 or n — 2. Meanwhile, Liu and Hu [22]
studied the parameter rx3 for graphs obtained through several graph operations. Graph operations
constitute an important topic in graph theory, as they help reveal structural properties of graphs.
Additional results on rx;, can be found in [1, 7, 12, 16, 20, 19, 23].

In [2], we introduced a new concept called the strong k-rainbow index. A tree of size d(S)
connecting the vertices of S is called a Steiner S-tree. If S = {u,v}, then a Steiner S-tree is
simply a u—v geodesic [10]. An edge-coloring of G is called a strong k-rainbow coloring if every
k-subset S of V(&) is connected by a rainbow Steiner S-tree. The strong k-rainbow index of G,
denoted by srz,(G), is the minimum number of colors required in a strong k-rainbow coloring
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of G. Hence, for every connected graph GG, we have rx(G) < srxi(G). When S = {u, v}, the
strong 2-rainbow index is called the strong rainbow connection number of GG, denoted by src(G)
[10]. Chartrand et al. [10] showed that diam(G) < rc¢(G) < sre(G) < ||G||. The concept of sray,
is useful in modeling secure communication networks in which every set of k& people can exchange
information through shortest rainbow trees.

The strong k-rainbow index is well defined for every connected graph, since assigning distinct
colors to all edges of a connected graph yields a strong k-rainbow coloring. Thus, it follows that

sdiamy(G) < rap(G) < srzp(G) < ||G||. (1)

In [2], we established Observation 1.1. Based on this observation, we determined the value of
srxy, for trees, which attains the upper bound given in (1). This result is stated in Theorem 1.1. We
also determined the strong 3-rainbow index of ladders, regular complete bipartite graphs, cycles,
and wheels [2], as well as graphs containing certain cycles [6]. In addition, the characterization of
graphs with strong 3-rainbow index equal to 2 was obtained in [26].

Observation 1.1. [2] Let G be a connected graph of order n. Let e, f € E(G), where e and f are
the bridges of G. For each integer k with 2 < k < n, every strong k-rainbow coloring must assign
distinct colors to e and f.

Theorem 1.1. [2] Let T,, be a tree of order n > 3. For each integer k with3 < k < n, srzy(T,) =
|Tn)| =n—1

In order to build a larger and more complex communication network, a given network can be
extended by applying graph operations. Hence, several studies have investigated the srzs under
various graph operations, such as amalgamation and comb product ([2, 3, 4, 5]). Although these
operations have been studied extensively, the corona product exhibits a different structural behav-
ior. In the corona product G ® H, each vertex of G is connected to all vertices of a corresponding
copy of H, producing a hierarchical structure consisting of a central graph G together with several
attached copies of H. As a consequence, vertices belonging to different copies of H are typically
connected through their corresponding vertex in G, which restricts the possible rainbow Steiner
trees. These structural properties introduce additional challenges in constructing strong 3-rainbow
colorings and in determining sharp upper bounds for the strong 3-rainbow index.

In this paper, we study the srx3 of corona product of two connected graphs. Recall that corona
product of two connected graphs GG and H, denoted by G ® H, is defined as the graph obtained by
taking one copy of GG and |G| copies of H and joining the i-th vertex of G to every vertex in the
1-th copy of H. The study of corona product is needed when every people in each division (which
is modeled by graph /') in a communication network must pass through their head division (which
is represented as a vertex of (7) in order to exchange important information with each other.

2. Upper bounds for srx3(G ® H)

For simplicity, we define [a,b] = {x € Z: a < x < b}. Let G and H be two connected
graphs of order n > 2 and m > 4, respectively, with V(G) = {vy,vq,...,v,} and V(H) =
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{wy,wy, ..., wy,}. Consider graphs G ® H. For each i € [1,n|, let H' denote the i-th copy
of H with V(H") = {v},v?,...,v"} and E(H") = {v'v!: p,q € [1,m] and wyw, € E(H)}.
Following the definition of corona product, we define V(G © H) = V(G) U |J;_, V(H") and
E(GoH)=EG) U, EH)U{v!:i€[l,n],pe[l,m]}.

Based on (1), we have |G ® H]| as the natural upper bound for srz3(G ® H). In this paper, we
provide a better upper bound for srxz3(G ® H). To achieve this, we first construct an edge-coloring
of G ® H, which is described in Algorithm 2.1.

Before presenting the algorithm, we briefly explain the main idea of the coloring strategy. The
edges of G ® H are divided into three groups: the edges of G, the edges of H', and the edges
connecting vertices of G with the vertices of H*. The coloring is constructed so that the edges of
G receive distinct colors, while the remaining edges are colored systematically within each copy
H' and its incident edges. This assignment guarantees that for every set of three vertices in G ® H,
there exists a rainbow Steiner tree connecting them, which will be proved in Lemma 2.1.

Algorithm 2.1.

(1) Input: Two connected graphs G and H of order n > 2 and m > 4, respectively, where
V(G) = {v1,v9,...,u,} and V(H) = {wy,wa, ..., Wy}

(2) Construct one copy of G and n copies of H. Fori € [1,n], join vertex v; of G to every vertex
in the i-th copy of H.

(3) For i € [1,n], denote the i-th copy of H by H', where V(H") = {v},v? o

5,07, .., v} and
E(H") = {vv}: p,q € [1,m] and wyw, € E(H)}.

(4) Define V(GoOH) =V (G)UU, V(H") and E(GOH) = E(G)UU,_, E(H")U{v!: i e
[1,n],p € [1,m]}.

(5) Color edges of G by distinct colors 1,2,. .., |G|
(6) If H = 1T,,, proceed to Step (7). Otherwise, continue to Step (8).

(7) (a) Fori € [1,n], letv™vf € E(T.,) for s € [1,m — 1].

(b) For i € [1,n], color edge v;v? by color p + (m — 1)(i — 1) + ||G|| forp € [1,m — 1]
and edge v;v" by the same color as edge v;v;.

(c) Fori € [1,n], color edges of T?, by distinct colors in [1 + (m —1)(i — 1) + |G|, (m —
1)i + ||G]|] so that edge v!"v; has the same color as edge v;v!, where v/ v € E(T")
(orvfvi € E(T)) forr € [1,m — 1] with r # m (or r # s).

(d) This completes the construction.

(8) (a) Fori € [1,n], let h be the girth of H* with h > 3, and let C} be a cycle of length & in
H'.
(b) Relabel the vertices of H’ such that V(Ci) = {v},v2,... v} and E(C}) = {vP?*!: p €
[1,h] and 0! = 0!},
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(c) For h =3, letv} € V(H") \ V(C%) so that viv} € E(H?) fori € [1,n].

(d) Fori € [1,n], color edges v;v; and v;u? by color 1+ (m —2)(i — 1) , edges v;v}
and v;v} by color 2 + (m — 2)(i — 1) + ||G||, and edge v;v? for p € [5,m] by color
p—2+(m—=2)—-1)+ |Gl

(e) Fori € [1,n], color edge v}v? by color 2 + (m — 2)(i — 1) + ||G|| and edge v3v} by
color 1 + (m —2)(i — 1) + ||G]|

(f) Color the remaining edges of H' for i € [1,n — 1] with some colors in [1 + (m —

2)i + |G|, (m —2)(i + 1) + ||G]|] and the remaining edges of H" with some colors in
1+ |G, ], so that adjacent edges have distinct colors.

(g) This completes the construction.

From the construction above, the coloring uses at most |G| +n(m — 1) colors when H is a tree
and ||G|| + n(m — 2) colors otherwise. This observation will be used to derive the upper bounds
for srx3(G ® H) in the next theorem.

Next, we show that the edge-coloring of G ® H given in Algorithm 2.1 is a strong 3-rainbow
coloring of G ® H.

Lemma 2.1. An edge-coloring of G ® H given in Algorithm 2.1 is a strong 3-rainbow coloring of
GO H.

Proof. Let S be any set of three vertices of G ©® H. We have four cases as follows.

Case 1. All vertices of S belong to the same copy H' for some i € [1,n]
Without loss of generality, let S = {v?, v{, v]'} for distinct p, ¢, € [1,m]. Based on Steps (7)(c),
(8)(e), and (8)(f), two adjacent edges of H* have distinct colors. Hence, if d(S) = 2, then there
exists a rainbow Steiner S-tree in G ® H. If d(S) = 3, then we have the following two subcases.

Subcase 1.1. H =T,
If p = sand ¢ = m, then T' = {v;o?, vPv], v;v!} is the rainbow Steiner S-tree. For other values of
p, ¢, and r, T = {v;07, v;0], v;0] '} is the rainbow Steiner S-tree.

Subcase 1.2. H 27T,
Ifh>5withp=1,¢g=2,andr = 4 (orp = 3, ¢ = 4, and r = 1), then the rainbow Steiner S-tree
is a path of length 3 contained in C. Based on Steps (8)(e) and (8)(f), all edges of this path have
distinct colors. If p =1, =2,andr #4,orp=3,g=4,andr # 1, then T = {vzvl, vPul vul}
is the rainbow Steiner S-tree. For other values of p, ¢, and r, T = {v;v?, v;v!, v;v]' } is the rainbow
Steiner S-tree.

Case 2. Two vertices of S belong to the same copy H® for some i € [1,n]
Without loss of generality, let S = {v¥, v}, x} for distinct p, ¢ € [1,m] and z € V(G) UV (H) for
J € [1,n] with j # 4. Based on Steps (5), (7)(b), and (8)(d), there exists a rainbow v; — = geodesic
inG® H,saypath P. It H = T, withp— sand g =mor H 2T, withp =1and ¢ = 2 (or
p=3and ¢ = 4), then T = {v;v?,vPv!} U P is the rainbow Steiner S-tree. For other values of p
and ¢, T = {v;vf, v;v{} U P is the rainbow Steiner S-tree.

Case 3. Exactly one vertex of S belongs to the copy H* for some i € [1,n]
Without loss of generality, let S = {v!, z1, 2o} for p € [1,m], x; € V(G) UV (H’), and =, €
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V(G) UV (H) for distinct j, k € [1,n], j # 4, and k # i. Based on Steps (5), (7)(b), and (8)(d),
there exists a rainbow Steiner S-tree in G ©® H.

Case 4. All vertices of S belong to graph G
Based on Step (5), there exists a rainbow Steiner S-tree in G © H. l

Using these results, we obtain the upper bounds for srz3(G © H) which are given in the
following theorem.

Theorem 2.1. Let n and m be two integers withn > 2 and m > 4. Let G and H be two connected
graphs of order n and m, respectively. Then

|G|l +n(m—1), if His a tree;

<
sre3(G O H) < { |G|l +n(m —2), otherwise.

Proof. The proof is an immediate consequence of Algorithm 2.1 and Lemma 2.1. [

Next, we prove the sharpness of the upper bounds in Theorem 2.1. These results are given in
Theorems 2.2 and 2.3. We first make the following three observations.

Observation 2.1. Let n and g be two integers withn > 5 and g > 4. Let G be a connected graph
of order n containing a cycle C, which admits a strong 3-rainbow coloring. If e € E(Cy) and f is
an arbitrary bridge of G, then ¢ and f have distinct colors.

Proof. Relabeling vertices of G such that V(C,) = {vy,vs,...,v,} and E(Cy) = {vvi11: 1 €
[1,¢9] and v, 1 = v1}. Lete = vyu,41 € E(Cy) forp € [1,g] and f = 2y € E(G) be an arbitrary
bridge of G. Assume that d(C,,x) < d(C,,y). Observe that every rainbow Steiner {v,, v,41,y}-
tree must contains edges e and f. This implies these two edges should have distinct colors. [

Observation 2.2. Let n and m be two integers with n > 2 and m > 4. Let G and H be two
connected graphs of order n and m, respectively. Let ¢ be a strong 3-rainbow coloring of G ® H.

(i) If dgi (V7 v]) > 2 for each i € [1,n] and distinct p, q € [1,m], then c(v;v?) # c(v;v).
(ii) For distincti,j € [1,n] and p,q € [1,m], c(viv}) # c(vv]).

Proof. We have two cases.

(i) Let dgi(v?,vf) > 2 foreach i € [1,n] and distinct p, ¢ € [1,m]. Since T' = {v;vf, v;v]} is
the only possible rainbow Steiner {v;, v¥, v }-tree, we have c(v,v?) # c(vv).

(ii) Observe that for distinct i, j € [1,n] and p, ¢ € [1,m], the rainbow Steiner {v;, v}, v] }-tree
must contains edges v;v; and v;vj. Thus, c(viv;) # c(v;v]).

O

For further discussion, we always consider GG as a tree or a unicyclic graph.
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Observation 2.3. Let n, m, and g be three integers withn > 2 and m, g > 4. Let G and H be two
connected graphs of order n and m, respectively, where G is a tree or a unicyclic graph of girth g.
Let e € E(QG). If cis a strong 3-rainbow coloring of G ® H, then c(e) # c(v;v?) for each i € [1,n)]
and p € [1,m].

Proof. Let e = xy be an arbitrary edge of GG. Observe that any rainbow Steiner {z, y, v} }-tree for
each i € [1,n] and p € [1,m] must contains edges e and v;v’. Thus, c(e) # c(vv?). O

The following theorem shows that srz3(G © S,,) = ||G|| +n (m — 1).

Theorem 2.2. Let n, m, and g be three integers withn > 2, m > 4, and g > 9. Let G be a tree
or a unicyclic graph (with girth g) of order n and S,, be a star of order m. Then srx3(G ©® S,,) =
|G|l +n(m—1).

Proof. Let V(S,,) = {w1,ws, ..., wy,} and E(S,,) = {wyw,: p € [2,m]}. By using Theorem
2.1, sr23(G © Sp) < |G| +n(m —1).

For the lower bound, suppose that srz3(G © S,,) < ||G|| +n (m — 1) — 1. Then there exists a
strong 3-rainbow coloring ¢ of G ® S,,, using ||G|| + n (m — 1) — 1 colors. Since dg; (v}, v]) = 2
for each i € [1,n] and distinct p, ¢ € [2,m], it follows by Observation 2.2 that we need at least
n (m — 1) distinct colors to color edges v;v? for all i € [1,n] and p € [2,m]. This implies we have
at most ||G|| — 1 colors left. Let A be the set of these ||G|| — 1 colors. According to Observation
2.3, edges of G should be colored by colors in A. If G is a tree, then |A| < n — 2, contradicting
to Theorem 1.1. If G is a unicylic graph of girth g, then |A| < n — 1. Let C, be a cycle of length
g in G. Relabeling vertices of G such that V(Cy) = {v1,vs,...,v,} and E(Cy) = {vv41: 1 €
[1, g] and v,4; = vy }. Since there are n— g bridges in G, by using Observation 1.1, we need at least
n — g colors to color these bridges. It follows by Observation 2.1 that we have at most g — 1 colors
to color edges of C,. Since ||Cy|| = g, there exist at least two edges of Cy, say e and f, such that
c(e) = ¢(f). Without loss of generality, let e = vjvy and f = v,v,41 for p € [2, g], and suppose
that these two edges are encountered in the order v,v2, v,v,41 Which is in the clockwise direction.
Note that d¢, (v1,v,) < [§]. Thus, by symmetry, we only prove for 1 < p — 1 < |[Z]. Observe

2
that the only possible rainbow Steiner {v;, Urptty, Up41 J-tree is a path which contains edges e and
2

f,but c(e) = c(f), a contradiction. Thus, srz3(G © S,,) = ||G|| + n(m — 1). In particular,
srx3(G ® Sy) = nm — 1if Gis atree and srz3(G © S,,) = nm if G is a unicyclic graph of girth
at least 9. ]

The condition g > 9 is used to avoid short cycles in GG that may create alternative Steiner
trees connecting the considered vertices and to guarantee that the upper bound in Theorem 2.2 is
attained. When the girth of G is smaller, some edges of the cycle C; may share the same color in a
strong 3-rainbow coloring (see [2]), which may lead to a smaller value of srz3(G ® S,,). Hence,
determining the exact value for other girth values remains an interesting problem.

Before proceeding to Theorem 2.3, we first introduce several classes of graphs as follows.

Definition 2.1. Let m, a, b, and c be four integers with m > 4, a > 1, and b,c > 0 such that
m=a+b+c+2 Forl € [1,2], a graph H,, (a,b,c) is a connected graph of order m with
V(Hpu(a,b,c)) = {wy,we, ..., wy}and E(Hy, (a,b, ¢) = {Wp—1w;, Wy 1Wj, Wi Wi, Wy W : § €
[1,al,7€la+1l,a+b,k€la+b+1,a+b+ ]} UE), where
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* By ={wy 1wy} witha>2andb,c >0,0ora>1andb>1(orc>1)ifl =1, and
e By =0witha>2andb,c > 0ifl = 2.
Examples of graphs Hy 1, Hy 2, Hs 1, and Hj 5 are given in Figure 1.

wWa

II_]_l H .

ws wy o ws Wy
a=2b=c=0 a=1b=1l.ec=0 a=2b=c=0

wao

Hys:

Wo Wy

wy Wr, wsa
a=3b=c=10 a=2b=1,¢c=0

Figure 1. Graphs Hy 1, Hy 2, Hs 1, and Hs o

Theorem 2.3. Let n, m, g, a, b, and c be six integers withn > 2, m > 4, g > 9, a > 1, and
b,c > 0 such thatm = a+ b+ c+ 2. Let G be a tree or a unicyclic graph (with girth g) of order n
and H,, (a,b,c) for | € [1,2] be a connected graph of order m as defined in Definition 2.1. Then
sraxs(G © Hyy(a,b,c)) = |G| +n(m —2).

Proof. 1t follows by Theorem 2.1 that srz3(G © H,,,(a,b,¢)) < ||G|| + n (m — 2). For the lower
bound, suppose that srz3(G © H,, (a,b,c)) < |G| +n(m — 2) — 1. Then there exists a strong
3-rainbow coloring of G ® H,,(a, b, ¢) using |G|| + n (m — 2) — 1 colors. Observe that for each
i € [I,n]and p,q € [L,a+b+c|, dy,, (ape(vi;vi) > 2. Thus, by Observation 2.2, we need at
least n (m — 2) distinct colors to color edges v;v! for all ¢ € [1,n] and p € [1,a + b + ¢|. This
implies we have at most ||G|| — 1 colors left. Let A be the set of these ||G|| — 1 colors. According

to Observation 2.3, edges of GG should be colored by colors in A. Hence, by using an argument
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similar to that used in Theorem 2.2, we will obtain a contradiction. Thus, srx3(G® H,, (a, b, c)) =
|G| +n (m — 2) for I € [1,2]. In particular, srz3(G ® H,,,(a,b,c)) =nm —n — 1if G is a tree
and srx3(G © Hpy(a, b, ¢)) = nm — nif G is a unicyclic graph of girth at least 9. O

3. Characterization of graphs H with certain srz3(T, ® H)

Following Theorem 2.1, we obtain that the upper bound for srzs3(7,, © H) is nm — 1 if H is
atree or nm — n — 1 if H is not a tree. Therefore, in this section, we characterize graphs H with
srz3(T, ©® H) equals these upper bounds.

3.1. Characterization of graphs H with srx3(T,, ® H) = nm — 1

The following theorem provides characterization of graphs H with sra3(T,, © H) = nm — 1.

Theorem 3.1. Let n and m be two integers withn > 2 and m > 4. Let T}, be a tree of order n and
H be a connected graph of order m. Then srx3(T,, © H) = nm — 1 ifand only if H = S,,,.

Proof. If H = S,,, then it follows by Theorem 2.2 that srz3(7,, © H) = nm — 1.

Conversely, suppose that H is a connected graph with srz3(7, © H) = nm — 1 but not a star
Sm- Then, H must be a tree with A(H) < m — 2 or a connected graph which contains cycles.
If H contains cycles, then srz3(7T, © H) < nm —n — 1 by Theorem 2.1, a contradiction. Thus,
we assume that H is a tree with A(H) < m — 2. Without loss of generality, let v} € V(H")
with dyi(v;i) = A(H) and Nya(v}) = {o: p € [2, A(H) + 1]} for each i € [1,n]. Since

|H| = m, there exists at least a vertex of H', say UA(HH-Z such that d: (v}, UZA(H)H) 2. It means
vf(HHQvf € E(H') forp € [2,/A(H) + 1]. Without loss of generality, let UA(H)—H A(HHQ €

E(H?"). Now, consider the following edge-coloring c of T}, ® H.

1. For each i € [1,n], define c(v;v p)
c(vvl) = c(vv?), and c(v;p T2 =

p—1 —13 (m —2)(i —1) forp € [2,A(H) + 1],
oo,

2. If A(H) = m—2, then directly go to step 3. Otherwise, define c(v;v?) = p—2+(m—2)(i—1)
foreachi € [1,n] and p € [A(H) + 3,m].

3. For each i € [1,n], define c(v}e?) = c(vl*!) for each p € [2, A(H)], c(vlv> ) =
c(vv?), and c(v> LAY = ((p12),

4. If A(H) = m — 2, then directly go to step 5. Otherwise, color the remaining m — A(H) — 2
edges of H' by distinct colors in [A(H) + 1+ (m —2)(i — 1), (m — 2)i] for each i € [1, 7).

5. Define c(e;) =i+ n(m — 2) fore; € E(T,) withi € [1,n — 1].

Based on the edge-coloring c above, we can check that there exists a rainbow Steiner tree connect-
ing every three vertices of 7,, © H. Thus, srxz3(T,, ® H) < nm — n — 1, a contradiction. O
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3.2. Characterization of graphs H with srx3(T, © H) =nm —n — 1

In this subsection, we consider H as a connected graph that is not a tree. Let A > 3 be the girth
of H. For each z' € [1, n] let C} be a cycle of length h in H*. Relabeling vertices of H' such that
V(CL) = {v} v} ... v} and E(C”) = {vPo"": p € [1,h] and P = 0!},

The characterlzatlon of graphs H with sr:v3(Tn ® H) = nm —n — 1 is given in Theorem
3.2. Before we proceed to this result, we first provide some lemmas which will be used to prove
Theorem 3.2.

Lemma 3.1. Let T,, be a tree of order n > 2, then srxs(T, ©® K) = 2n + 1.

Proof. Suppose that srzs3(T, ©® K;) < 2n. Then there exists a strong 3-rainbow coloring ¢ of
T,, ® K4 using 2n colors. Since any rainbow Steiner {v;, v;, vy }-tree for distinct ¢, j, k € [1,n]
should be contained in 7;,, it follows by Theorem 1.1 that we need at least n — 1 distinct colors to
color edges of T,,. Let c(e;) = i fore; € E(T,,) with i € [1,n — 1]. By using Observation 2.3, this
forces c(v;v?) € [n,2n] foralli € [1,n] and p € [1,4]. Now, we consider the following two cases.

Case 1. There exists ¢ € [1,n] such that ¢(v;v?) # c(v;v]) for distinct p, g € [1,4]
Without loss of generality, let ¢(v,v]) # c(’ulvl) for distinct p, ¢ € [1,4]. This forces c(vv}) =
c(vvf) for all j € [2,n] and distinct p, ¢ € [1, 4] by Observation 2.2. Now, consider {v}, v3, z}
where z € V(T,,) U V(KJ) for all j € [1,n] with j # 2. Observe that edge vhvd should be
contained in any rainbow Steiner tree connecting these three vertices. Thus, c(vhvd) ¢ [1,2n].
This implies we need one new distinct color to color edge vhv3, which is impossible.

Case 2. c(v;0?) = c(vv]) for all i € [1,n] and distinct p, g € [1,4]
Without loss of generality, let c(vivy) =i+4n —1foreachi € [1,n] and p € [1,4]. Now, consider
{o},v], 2} where z € V(T,,) U V(KJ) for all j € [2,n]. By using an argument similar to that used
in the proof of Case 1, we obtain that ¢(v}v]) = 2n for all distinct p, ¢ € [1, 4]. However, there is
no rainbow Steiner {v1, v, v} }-tree, a contradiction.

Now, we show that srx3(7T,, ® K4) < 2n + 1 by deﬁning a strong 3-rainbow coloring ¢ :
E(T,® K,) — [1,2n+1]. First, assign distinct colors 1, 2, . — 1 to the edges of 7},. For each
i €[1,n], a551gn colors i +n — 1 to the edges v;v? for all P E [1 4], color 2n to the edges v}

K3 ’L’

vZo?, viv}, and v} v, and color 2n + 1 to the edges v} v} and v?v}. By this edge-coloring, it can be
verified that there exists a rainbow Steiner tree connectlng every three vertices of 1;, © Kjy. 0

Before we proceed further, we first define graphs H,, Hs, Hs, H,, and H5 as given in Figure 2.

Lemma 3.2. Let n and m be two integers with n. > 2 and m > 5. Let T,, be a tree of order n and
H be a connected graph of order m where H; C H forl € [1,5]. Then

nm —2n, | =2;

srrg(T, © H) < { nm — 2n — 1, otherwise.

Proof. For | = 2, we show that srx3(T,, © H) < nm — 2n by defining a strong 3-rainbow coloring
c: E(T, ® H) — [1,nm — 2n] as follows.

1. For each i € [1,n], define c(v;v}) = c(viv?) = c(vw?) = c(viv?) =1+ (m — 3)(i — 1),

c(viv}) = c(v?) = c(v}vd) = c(vivd) = 2+ (m —3)(i — 1), and c(v}v?) = (m 3)+1.
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wy

Figure 2. Graphs Hy, Ho, H3, H4, and Hj5

2. If m = 5, then go directly to step 3. Otherwise, define c(v;v)) = p— 3+ (m — 3)(i — 1) for
eachi € [1,n] and p € [6,m].

3. Color the remaining edges of H' by some colors in [1 + (m — 3)i, (m — 3)(i + 1)] for each
i € [1,n — 1] and the remaining edges in H™ by some colors in [1,m — 3] such that two
adjacent edges which are not contained in the same triangle have distinct colors.

4. Define c(e;) =i+ n(m —3) + 1fore; € E(T,) withi € [1,n — 1].

For other values of [, we show that srz3(7T,,® H) < nm—2n—1 by defining a strong 3-rainbow
coloring ¢ : E(T,, ® H) — [1,nm — 2n — 1] as follows.

1. (a) Forl = 1landeachi € [1,n], define c(v;v}) = c(vv}) = c(virl) = 14+ (m—3)(i—1),
c(viv?) = c(v?) = c(vivl) =2+ (m 3)(@ — 1), and c(v;v3) =
3+ (m — 3)(i — 1).
(b) Forl = 3 andeachi € [1,n], define c(v;v}) = c(v;v; )

~—

c(v} )—1+(m—3)(i—1

c(viv}) = c(vf) = c(vjv]) = 2+ (m = 3)(i — 1), and (v ) c(vivi) = c(vivf) =
3+ (m—3)(i —1).

(c) Forl =4andeachi € [1,n], deﬁnec(v 1) = c(viv?) = c(vivd) = 1+ (m—3)(i—1),
c(vivd) = c(vv}) = c(viv?) = c(vivd) =2+ (m—3)(i — ) and c(viv?) = c(v?) =
34+ (m—=3)(i—1).

(d) Forl = 5andeachi € [1,n], define c(v;v}) = c(v;v?) = c(v?v?) —1+(m—3)( 1),
c(vivd) = c(vv}) = c(viv}) =2+ (m 3)(@ —1), and ¢(v;v ) = c(vvf) = c(viv}) =
3+ (m—3)(i—1).

2. If m = 6, then go directly to step 3. Otherwise, define c¢(v;vf) = p — 3+ (m — 3)(i — 1) for
eachi € [1,n] and p € [7,m].

3. Color the remaining edges of H* by some colors in [1 + (m — 3)i, (m — 3)(i + 1)] for each
i € [1,n — 1] and the remaining edges of H" by some colors in [1,m — 3] such that two
adjacent edges which are not contained in the same triangle have distinct colors.

4. Define c(e;) =i+ n(m — 3) fore; € E(T,) withi € [1,n — 1].
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To verify that the edge-coloring c is a strong 3-rainbow coloring, let S be any set of three vertices
of T,, ® H. We consider all possible locations of the vertices in S: (i) all vertices lie in the same
copy H*, (ii) two vertices lie in the same copy H' and the third lies outside H°, (iii) the vertices lie
in different copies of H or in T},, and (iv) all vertices lie in 7},. In each case, a rainbow Steiner tree
connecting S can be constructed. Thus, the claim follows. O]

Lemma 3.3. Let n, m, and h be three integers withn > 2 and m, h > 6. Let T,, be a tree of order
n and H be a connected graph of order m and girth h. Then srx3(T, © H) < nm —2n — 1.

Proof. We show that srz3(7, ® H) < nm — 2n — 1 by defining a strong 3-rainbow coloring
c: E(T,® H) — [1,nm — 2n — 1] as follows.
1. For each i € [1,n], define c(v;v}) = c(viv?) = c(viv}) = 1+ (m — 3)(i — 1), c(v;vd)

c(viv}) = c(viv?) = c(vP?) = 2+ (m—3)(i—1), and c(v;v?) = c(v;vf) = 3+(m—3)(i—1).
2. If m = 6, then go directly to step 3. Otherwise, define c(v;v?) = p—3+ (m — 3)(i — 1) for
eachi € [1,n] and p € [7,m].

3. Color the remaining edges of H' by some colors in [1 + (m — 3)i, (m — 3)(i + 1)] for each
i € [1,n — 1] and the remaining edges of H" by some colors in [1,m — 3] such that two
adjacent edges have distinct colors.

4. Define c(e;) =i +n(m — 3) fore; € E(T),) withi € [1,n — 1].

To verify that the edge-coloring c is a strong 3-rainbow coloring of 7,, ® H, let S be any set of
three vertices of T,, © H. We consider all possible locations of the vertices in S: (i) all vertices of
S lie in the same copy H’, (ii) two vertices of S lie in H' and the third lies outside H*, (iii) the
vertices of S lie in different copies of H or in 7},, and (iv) all vertices of S lie in 7},. In each case,
a rainbow Steiner tree connecting S can be constructed. Thus, the claim follows. 0

Now we are ready to characterize graphs H with sra3(7, ® H) = nm — n — 1 that are not
trees.

Theorem 3.2. Let n, m, a, b, and c be five integers withn > 2, m > 4, a > 1, and b,c > 0.
Let T}, be a tree of order n and H be a connected graph of order m that is not a tree. Then
sraxs(T, ® H) =nm —n—1lifand only if H = K, forn =2or H = H,, (a,b,c) with | € [1,2]
or H = (Cs.

Proof. If H = K, forn = 2or H = H,,(a,b,c) with [ € [1,2], then it follows by Lemma 3.1
and Theorem 2.3 that srx3(7,, ©® H) = nm — n — 1, respectively. This leaves us to show that
srzs3(T, ® Cs) = 4n — 1. By using Theorem 2.1, srx3(7,, ® C5) < 4n — 1. Thus, we only need
to prove the lower bound. By using Observation 2.2, we need at least 3n distinct colors to color
edges v;v} for all i € [1,n] and p € [1,5]. Since any rainbow Steiner {v;, v;, vy }-tree for distinct
i, 7,k € [1,n] should be contained in 7,, it follows by Observation 2.3 that srx3(7,,®Cs) > 4n—1.

Conversely, suppose that H is a connected graph and not a tree with srx3(7,,©0H) = nm—n—1.
Let h > 3 be the girth of H. If h > 6, then it follows by Lemma 3.3 that srz3(7, © H) <
nm — 2n — 1, a contradiction. Therefore, we consider the following three cases.
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Casel. h =3
Suppose that H % K, forn =2and H 2 H,,1(a,b,c). Then H = K, forn > 3 or H, C H with
k € [1,2] (graph Hy, is given in Figure 2). If H = K, for n > 3, then it follows by Lemma 3.1 that
srxs(T, ® Ky) <2n+1 < 3n — 1, a contradiction. If H, C H with k € [1, 2], then it follows by
Lemma 3.2 that srx3(T,, © H) < nm — 2n, a contradiction.

Case2. h =14
Suppose that H 2 H,, »(a,b,c). Then H, C H with k € [3,4] (graph Hy, is given in Figure 2).
However, srzs(1, © H) < nm — 2n — 1 by Lemma 3.2, a contradiction.

Case3. h =5
Suppose that H 2 Cs. Then Hy; C H (graph Hj is given in Figure 2). However, srx3(T,, © H) <
nm — 2n — 1 by Lemma 3.2, a contradiction. 0

4. Conclusion

We first provided a sharp upper bound for srz3(G © H) by constructing a strong 3-rainbow
coloring of G ® H through an algorithmic approach. In particular, we showed that nm — 1 or
nm — n — 1 is the sharp upper bound for srz3(7,, © H). We also characterized graphs H with
srx3(T, © H) = nm — 1 and graphs H that are not trees with srz3(7, © H) = nm —n — 1.

An interesting open problem that remains is the characterization of trees 7T, satisfying srz3(7,®
T,,) = nm —n — 1. It is also natural to extend this study by determining the exact values of
srx3(G © H) for other connected graphs G and H. Such results may lead to a broader characteri-
zation of graphs G and H for which srz3(G @ H) attains its upper bound. Furthermore, it would
be interesting to investigate possible generalizations of these results to the strong k-rainbow index
srrp(G © H) for k > 3, as well as to other graph products.
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